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Scroll waves are three-dimensional excitation patterns that rotate around a central filament curve;
they occur in many physical, biological and chemical systems. We explicitly derive the equations
of motion for scroll wave filaments in reaction-diffusion systems with isotropic diffusion up to third
order in the filament’s twist and curvature. The net drift components define at every instance of
time a virtual filament which lies close to the instantaneous filament. Importantly, virtual filaments
obey simpler, time-independent laws of motion which we analytically derive here and illustrate
with numerical examples. Stability analysis of scroll waves is performed using virtual filaments,
showing that filament curvature and twist add as quadratic terms to the nominal filament tension.
Applications to oscillating chemical reactions and cardiac tissue are discussed.
PACS numbers: 87.19.Hh,87.10.-e,05.45.-a
I. INTRODUCTION
Many natural systems exhibit spiral-shaped waves of
self-activation. Important examples include the prop-
agation of signaling waves in biological tissues [1, 2],
propagation of concentration waves in chemical systems
[3, 4] and cAMP waves during the aggregation of a so-
cial amoeba [5]. The occurrence of non-linear traveling
waves in these media leads to complex wave dynamics,
which has been intensively studied by theoretical, exper-
imental and numerical means [6–11]. Already in two spa-
tial dimensions, wave dynamics becomes very interesting,
since broken wave fronts will develop into rotating spiral-
shaped patterns, called spiral waves. Similar activation
patterns have been observed in experimental recordings
of cardiac tissue during atrial tachycardia [12, 13], which
motivated numerous investigations on spiral waves as the
underlying mechanism for atrial arrhythmias [14, 15].
In fact, the oscillatory BZ reaction has been used for
a decade as a experimental model for spiral waves in car-
diac tissue. In three spatial dimensions, a broken wave
front will develop into a so-called scroll wave, which is the
three-dimensional generalization of a spiral wave. Scroll
waves rotate around a center line or filament [16], an ex-
ample of which is shown in figure 1. It moreover appeared
that the evolution of a scroll wave is mainly governed by
the dynamics of its filament, which is why filaments are
sometimes called ‘organizing centers’ for scroll wave ac-
tivity [8, 17]. The concept of a scroll wave filament can
therefore simplify the mathematical description of exci-
tation processes, which is a much desired quality in the
description of complex systems. In terms of practical
applications, scroll wave filaments are frequently being
used to describe time-evolution of vortex patterns in the
chemical BZ reaction [18], and the degree of complexity
during ventricular fibrillation [16, 19–21]. Unfortunately,
analytical derivations have so far only covered the lead-
ing order dynamics of scroll wave filaments [7, 8, 22, 23],
not capturing the twist-induced destabilization of fila-
ments. Previous theoretical extensions of filament dy-
namics in this direction have been limited to phenomeno-
logical models [24, 25]. In this paper, we build further on
the seminal works by Keener [7] and Biktashev and co-
workers [8], to rigorously derive laws of motion for scroll
wave filaments that also include twist-curvature coupling.
The first asymptotic description of scroll wave dynam-
ics was furnished by Keener [7]. In his work, Frenet-
Serret coordinates were constructed around the filament
curve to map the standard spiral wave solutions to the
three-dimensional medium. Thereafter, he applied the
Fredholm alternative theorem to obtain necessary con-
ditions on the filament motion, which are the desired
equations of motion. The introduction of critical ad-
joint eigenmodes of the system, which are also known
as ‘response functions’ (RFs) [26] formed the basis of
FIG. 1: (Color online) Example of straight scroll wave for a
system with equal diffusion of variables. The red surface is the
wave’s activation front, the tip line is shown in black and fil-
ament curve in green (grey). For the unperturbed scroll wave
that is shown here, the gauge and virtual filaments defined
below coincide.
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2many subsequent analytical results on pattern evolution
in excitable systems [8, 22, 25, 27–35]. Strikingly, the
RFs were observed to be strongly localized near the spi-
ral wave’s rotation centre, which can be rightfully called
‘particle-wave dualism of spiral waves’ [31]. The localized
sensitivity of scroll waves to external perturbations jus-
tifies the effective description of scroll waves in terms of
their filaments. This work will make use of RFs to derive
the effective laws of motion for scroll wave filaments.
Keener’s law of filament motion, which already in-
volved temporal averaging over one rotation period, was
later simplified by Biktashev and co-workers, who no-
ticed that some of the coefficients vanish when averaged
in time [8]. The resulting equation of motion (EOM) for
a filament curve ~X(s, t) with phase φ, arc length s and
time t reads:
∂tφ = ω¯0 + a0w
2 + d0∂sw,
∂t ~X = γ1∂
2
s
~X + γ2∂s ~X × ∂2s ~X. (1)
The latter equation can be equivalently written ∂t ~X =
γ1k ~N + γ2k ~B, with k the filament’s curvature and ~N, ~B
the normal and binormal vector to the filament curve.
The system-dependent coefficient γ1 was identified as the
filament tension [8]; it is the foremost important charac-
teristic of a scroll wave. For, in systems where γ1 is pos-
itive, curved filaments tend to minimize their length and
therefore straighten up. If the tension is negative, how-
ever, the filament may become unstable and break-up.
This mechanism has been named as a possible pathway
to ventricular fibrillation [11, 36]. We will show below
that the filament’s curvature and twist will alter the ef-
fective tension of a filament, and may therefore also affect
its stability.
One may note in Eq. (1) that there is no coupling
between the translational and rotational degrees of free-
dom. Nevertheless, it was known from numerical exper-
iments that sufficiently twisted scroll waves yield helical
filaments [37, 38]. In [24], the so-called ribbon model
was proposed to describe this ‘sproing’ phenomenon as
a supercricital pitchfork bifurcation. In the present pa-
per, we improve on the ribbon model in several ways:
with our ab initio calculation we show that some terms
were missing and provide explicit expressions for the oc-
curring coefficients in terms of RFs. Our method allows
to predict quantitatively the critical twist beyond which
filaments take a helical shape.
Not all analytical approaches to asymptotic filament
dynamics involve RFs. A first complementary descrip-
tion is known as the kinematic approach [6, 39, 40], in
which the motion of spiral and scroll waves is fully de-
termined by the curvature of the wave front near the
wave break. In the large-core limit, response functions
for broken wave fronts may be used to establish the ba-
sic assumptions of the kinematic approach [39]. A sec-
ond approach consists of mapping known spiral solutions
to the local neighborhood of the filament curve to find
the leading order dynamics. Particular successes were
achieved with this method to describe filament drift in
excitable media with anisotropic diffusion, which has an
important application in cardiac tissue modeling [41–45].
After Wellner’s discovery that such anisotropic systems
can be efficiently treated by a curved-space formalism
[22, 44, 46–48], more results on wave dynamics under
generic local anisotropy followed [22, 23, 25, 34, 35]. For
simplicity, we choose not to consider filament dynam-
ics in anisotropic media here; such generalization can
be found in [34]. From the curved-space viewpoint on
anisotropy, wave dynamics may be locally approximated
by an isotropic medium as long as spatial variations in
anisotropy occur on a scale larger than the spiral wave’s
core size. Our present working hypothesis is thus highly
similar to choosing a local inertial frame in general rel-
ativity theory. The results are therefore also expected
to well approximate scroll wave dynamics in anisotropic
cardiac tissue.
In this paper, we derive the instantaneous equations
of motion for scroll wave filaments starting from the
reaction-diffusion equations. However, since the coeffi-
cients in the EOM depend on the phase of rotation, they
form a non-linear quasi-periodic set of partial differen-
tial equations (PDEs) which is hard to analyze. Here,
one may be inclined to average the coefficients in the
PDEs over a full rotation cycle as was performed before
[7, 8, 22, 25, 34]. However, the exact solution to an aver-
aged non-linear differential equation can not be expected
to be exactly equal to the time-average of the exact so-
lution (see, e.g. [49]). In the works [7, 8, 22, 25], this
difference was not a concern since only the lowest order
dynamics was pursued. Here, we analytically solve the
EOM for small time intervals around an arbitrary mo-
ment of time and demonstrate that the gauge filament
performs an epicycle motion around a curve which we
shall call the ‘virtual’ filament. This curve satisfies sim-
pler laws of motion, with coefficients that do not depend
on the absolute phase of rotation. Our final result can
therefore be stated as follows: starting from a reaction-
diffusion equation (RDE)
∂tu(~x, t) = D0∆Pu(~x, t) + F(u(~x, t)) (2)
that supports rigidly rotating spiral wave solutions in two
spatial dimensions, we prove that the scroll wave filament
lies at all times close to a so-called virtual filament curve
with twist w and curvature k that are of order λ, which
obeys
∂tφ = ω¯0 + a0w
2 + b0k
2 + d0∂sw +O(λ4), (3a)
∂t ~X =
(
γ1 + a1w
2 + b1k
2 + d1∂sw
)
∂2s
~X (3b)
+
(
γ2 + a2w
2 + b2k
2 + d2∂sw
)
∂s ~X × ∂2s ~X
+ c1w∂
3
s
~X + c2w∂s ~X × ∂3s ~X
− e1∂4s ~X − e2∂s ~X × ∂4s ~X +O(λ5),
where φ and s are the phase and arc length along the vir-
tual filament. These laws of motion extend the previous
3analytical results [7, 8, 22, 30] and the phenomenologi-
cal models of [24, 25]. Importantly, the coefficients that
govern filament dynamics emerge in our theory as overlap
integrals of response functions. Therefore, we can predict
time-evolution of three-dimensional scroll waves based on
the properties of the unperturbed spiral wave solution in
two spatial dimensions. Our results hold for systems with
equal diffusion of variables (P = 1) such as the BZ reac-
tion, as well as for unequal diffusion systems. The last
class contains the monodomain models of cardiac tissue,
where the first variable u1 denotes the transmembrane
potential of cardiac cells, and P = diag(1, 0, . . . , 0).
This paper is structured as follows. In the next section,
we discuss the mathematical tools needed in the subse-
quent calculations, including reference frames attached
to moving curves and response function theory. In re-
lation to scroll waves, a distinction is made between tip
lines and gauge filaments. In the third section, we derive
the instantaneous EOM for scroll wave filaments start-
ing from the RDE (2). In section IV, the instantaneous
EOM is solved for small times, which shows that a gauge
filament performs an epicycle motion around the virtual
filament curve that obeys Eq. (3). In the fifth section, the
novel laws of motion up to third order in twist and curva-
ture are discussed. Simplifications are given for the case
of chemical reactions, where all species have equal diffu-
sion coefficients. Finally, linear stability analysis of scroll
rings is performed, leading to an expression for the effec-
tive tension of scroll wave filaments. In the last section,
we verify some of the coefficients for the equal diffusion
case with numerical simulations.
II. METHODS AND TERMINOLOGY
A. Tip line and scroll wave core
The spiral wave tip is commonly defined as the in-
tersection of two isolines of state variables [16, 50–52].
Sometimes, the pair (u1 = uc, ∂tu
1 = 0) is chosen, such
that the spiral tip lies in the region where the front and
tail of the spiral wave meet [6, 19, 52]. In three dimen-
sions, the intersection of two isosurfaces delivers what
we will call the tip line of the scroll wave. In numerical
simulations of reaction-diffusion systems, the tip line can
be easily tracked [52]; therefore, most renderings of the
scroll wave rotation center are strictly speaking tip lines.
Note, however, that the definition of the tip line clearly
depends on the chosen isosurfaces. As different observers
may not agree on the thresholded variables and values,
each observer will see his or her own tip line. If the scroll
wave is stationary, the tip line trajectory will be periodic
or quasi-periodic, marking a tubular region known as the
scroll wave’s core.
When the effects of incomplete recovery (i.e. refractori-
ness) do not come into play, the motion of a spiral’s tip is
identical for all time frames. This simplest case results in
a circular movement of the spiral tip. Our present deriva-
tion is strictly valid only in this circular core regime. In
a different parameter regime, the spiral tip motion may
not be circular but quasi-periodic, leading to flower-like
or star-like trajectories in the absence of external per-
turbations [50, 53–55]. This regime is called meandering
and has been related to the symmetries of the Euclidean
plane in [29, 56–58]. In some detailed models of cardiac
excitation, the diffusive properties around the spiral tip
are even more pronounced, such that eventually only the
refractoriness of previously excited tissue governs the tip
trajectory; this regime delivers so-called linear cores [50].
B. Coordinate frames adapted to filament shape
To start, we will consider filaments as being smooth
curves in three-dimensional Euclidean space, endowed
with Cartesian coordinates xi (i ∈ {1, 2, 3}). Such curves
exhibit geometric curvature k and torsion τg, as is well
known from their description in the Frenet-Serret frame
[7, 8] displayed in Fig. 2a. Denoting the filament position
at a given instance of time as xi = Xi(s) (i ∈ {1, 2, 3})
and assuming sufficient smoothness of the curve, one may
subsequently differentiate with respect to arc length s
to obtain a right-handed orthonormal triad given by the
tangent vector ~T = ∂s ~X, normal vector ~N and binormal
vector ~B:
∂s
 ~T~N
~B
 =
 0 k 0−k 0 τg
0 −τg 0
 ~T~N
~B
 . (4)
Noteworthily, the Frenet-Serret frame is degenerate in
points where the filament curvature k vanishes.
In this work, however, we choose to work with or-
thonormal frames (~T , ~N1, ~N2) that are adapted to the
scroll wave’s phase rather than the geometric torsion of
the filament. In general, the coefficient matrix that can
be used to frame a curve will be skew-symmetric [59]:
∂s
 ~T~N1
~N2
 =
 0 Λ1 Λ2−Λ1 0 wfr
−Λ2 −wfr 0
 ~T~N1
~N2
 . (5)
The components Λa (a ∈ {1, 2}) are simply the projec-
tions of k ~N onto the reference vectors ~Na, i.e.
Λa = ~Na · ∂2s ~X, (a ∈ {1, 2}). (6)
The frame twist wfr describes the rotation rate of the
basis vectors ~Na as one moves along the filament curve:
wfr = ~N2 · ∂s ~N1 =
(
~N1 × ∂s ~N1
)
· ~T . (7)
Various choices for wfr are possible. First, the choice of a
Frenet-Serret frame as in [8, 60] corresponds to wfr = τg;
see Fig. 2.
Secondly, if one sets wfr = 0, the basis vectors ~Na
are parallel transported along the filament curve, such
4a) b) c)
FIG. 2: (Color online) Orthonormal frames adapted to the shape of the filament curve Xi(s). a) Frenet-Serret frame, in which
the frame twist follows the geometric torsion τg of the filament curve. b) Relatively parallel adapted frame (Fermi frame),
where the transverse vectors ~Na are parallel transported along the filament. The dashed curve connecting the end points of
~N1 is therefore relatively parallel to the filament. c) Phase-adapted frame, where the transverse basis vectors ~e1 point towards
the scroll wave’s tip line (dashed curve). Here, the filament and tip line span the ribbon from the model presented in [24].
that they form a relatively parallel adapted frame [59]
which is also known as a Fermi frame and shown in Fig.
2b. Here, the dashed curve connects the end points of
the ~N1(s) vectors; this curve is relatively parallel to the
filament.
Thirdly, one may direct the ~N1 such that it points to
a reference point of the scroll wave, such as its tip line.
This choice is displayed in Fig. 2c, where the dashed line
represents the scroll wave’s instantaneous tip line. In
this case, ~N1 can be identified with the ‘fiducial vector’
of [24], such that wfr equals the scroll wave twist w.
The reference frame which has so far only been defined
on the filament curve can be extended to the immediate
vicinity of the filament using Fermi coordinates (ρ1, ρ2, σ)
[22, 23, 61], at a fixed moment of time:
xi(ρa, σ) = Xi(σ) + ρaN ia(σ). (8)
C. Response functions
In this section, we briefly review response function the-
ory and introduce sign conventions for going from the
Cartesian basis of [7, 22, 25] to the complex-valued rep-
resentation of [8, 62].
When a small stimulus is applied to a spiral or scroll
wave, the wave usually only reacts by spatial or rota-
tional drift. If one knows all elementary responses of a
spiral wave solution in two dimensions to small external
perturbations −h(x, y) to the right-hand side of Eq. (2),
one may represent the total drift as an overlap integral of
the perturbation h with the so-called response functions
[8, 22, 26, 31] Yx,Yy,Yθ:
X˙ = 〈Yx | h〉,
Y˙ = 〈Yy | h〉, (9)
φ˙− ω0 = 〈Yθ | h〉,
where the inner product is given by
〈f(x, y) | g(x, y)〉 =
∫∫
R2
dxdy f(x, y)Hg(x, y). (10)
Importantly, it was found that response functions (RFs)
are closely related to the symmetries of the RDE (2) in
two spatial dimensions [7, 27], which allows to compute
them numerically for given diffusion matrix P and reac-
tion kinetics F(u) [38, 62].
Before studying the RDE in a rotating frame of ref-
erence, it is necessary to reconcile sign conventions for
the angular frequency, since we will be an extension of
the dxspiral programme of Biktasheva et al.. [62, 63]
to compute RFs. In dxspiral, the angular frequency
of spirals ω0 is always taken positive; the program pos-
sesses a sign flag K to denote whether rotation is clock-
wise (K = 1) or counterclockwise (K = −1). Therefore,
the polar angle θ of a point fixed to the rotating spiral
has a time derivative ω¯0 which is positive only when the
spiral rotates counterclockwise:
∂tθ = ω¯0 = −Kω0. (11)
In the works [22, 23, 25], the quantity ω¯0 was used,
whereas in [62] a clockwise rotating spiral was assumed
(K = 1). To preserve full compatibility with those earlier
works, we will explicitly write the sign flag K ∈ {−1,+1}
throughout this paper.
5In a reference system that co-rotates with an unper-
turbed spiral wave solution u0(x
′, y′) that has angular
frequency ω¯0, one thus finds
∂t′u(~x
′, t′) =
Pˆ∆′u(~x′, t′) + ω¯0∂θ′u(~x′, t′) + F(u(~x′, t′)). (12)
Since u0(x
′, y′) is a time-independent solution to this
equation, one may differentiate with respect to either
x′, y′, θ′ to find
Lˆ | ∂x′u0〉 = −ω¯0 | ∂y′u0〉,
Lˆ | ∂y′u0〉 = ω¯0 | ∂x′u0〉, (13)
Lˆ | ∂θ′u0〉 = | 0〉
with the linear operator (∆′2 = ∂
2
x′ + ∂
2
y′):
Lˆ = Pˆ∆′2 + ω¯0∂θ′ + F
′(u0). (14)
In the works [8, 31, 62], including dxspiral, a complex-
valued basis of eigenmodes to Lˆ was used, given by
V± = −1
2
(∂x′u0 ∓ iK∂y′u0) ,
V(0) = −∂θu0. (15)
Hence, the sign of eigenvalues is independent of K:
LˆV(n) = inω0V(n). (n ∈ {−1, 0, 1}). (16)
Since the modes | V(n)〉 possess eigenvalues with real part
equal to zero, they are also known as critical eigenfunc-
tions of Lˆ, or Goldstone modes (GMs). They originate
from the translational and rotational symmetry of the
RDE (2).
Using integration by parts, the adjoint operator to Lˆ
can be found, which satisfies 〈Lˆ†f | g〉 = 〈f | Lˆg〉 for a
suitable space of test functions f ,g:
Lˆ† = PˆH∆′2 − ω¯0∂θ′ + F′H(u0). (17)
If all entries to Pˆ and F in the original RDE (2) are real-
valued, the spectrum of Lˆ† is complex conjugate to the
spectrum of Lˆ, such that there exist critical eigenfunc-
tions [62]
Lˆ†W(n) = −inω0W(n). (n ∈ {−1, 0, 1}) (18)
that can be made biorthonormal to the GMs:
〈W(m) | V(n)〉 = δ(m)(n) . (m,n ∈ {−1, 0, 1}) (19)
One furthermore shows (see, e.g. [64]) that the W(n)
are precisely a complex representation of the response
functions in Eq. (9):
W± = − (Yx ∓ iKYy) ,
W(0) = −Yθ. (20)
In the Cartesian basis, the RFs and GMs also satisfy
〈Yµˆ | ∂νˆu0〉 = δµˆνˆ for (µˆ, νˆ ∈ {x′, y′, θ′}). When writing
left-brackets to the RFs, we implicitly assume complex
conjugation, i.e. 〈aW |= a∗〈W |. Therefore, we may
write Eq. (20) as
〈W± | = − (〈Yx | ±iK〈Yy |) ,
〈W(0) | = −〈Yθ | . (21)
Since the complex basis (15)-(21) is practical in com-
putations, we will write other tensorial quantities as well
in this representation, see Appendix B.
D. The gauge filament
Scroll wave filaments are often referred to as the in-
stantaneous axis of scroll wave rotation. When the fil-
ament is straight and stationary, such definition indeed
yields the unique rotation axis of the system. For non-
stationary scroll waves, however, it is less clear how to
define the filament and various options are possible. In
our derivation for the EOM, we will work with a so-called
gauge filament, introduced as follows. Given an ap-
proximate filament curve (e.g. the tip line) and Fermi
coordinates (ρ1, ρ2, σ) around it, one may in each plane
transverse to the filament curve demand that the dif-
ference u˜(ρ1, ρ2, σ, t) = u(ρ1, ρ2, σ, t)− u0(ρ1, ρ2) should
be minimal in some sense for the filament curve. From
the response function theory in the previous section, we
recall that infinitesimal shifts of the solution u0 in the
plane corresponds to additions of the Goldstone modes
∂µˆu0 (µˆ ∈ {ρ1, ρ2, θ}) to the unperturbed solution u0.
Therefore, we may define the filament’s position and ro-
tation phase to satisfy the gauge condition
〈Yµˆ | u˜〉 = 0 (µˆ ∈ {ρ1, ρ2, θ}),
⇔ 〈W(n) | u˜〉 = 0 (n ∈ {−1, 0,+1}) (22)
for all σ, t. Eq. (22) is the formal definition of the gauge
filament, which is commonly used in response function
approaches to scroll wave dynamics [7, 8, 22, 25].
Another curve which lies in the vicinity of the scroll
wave’s core will be given by the ‘virtual filament’, which
we formally introduce in section IV B.
III. DERIVATION OF THE INSTANTANEOUS
LAWS OF FILAMENT MOTION
A. Moving and rotating Fermi frames
In our derivation, we consider a moving gauge filament
xi = Xi(σ, t) and will impose that the scroll wave which
surrounds it should satisfy the RDE (2). Readers who
are interested in the resulting law of motion for the gauge
filament rather than the technical derivation are referred
to section III H.
6In order to construct moving Fermi coordinates, we
take the following steps. At a given time t = 0, we erect
a Fermi frame (~T (σ, 0), ~ea(σ, 0)) along the gauge filament
curveXi(σ, 0), such that automatically wfr(σ, 0) = 0. For
small times t 6= 0, we impose that points move orthogo-
nally to the initial filament, which fixes the parameter-
ization σ. The tangent vector ~T (σ, t) to the filament is
now unambiguously defined, and the vectors ~ea(σ, t) are
tilted such that the remain orthogonal to ~T (σ, t). The
only degree of freedom left is rotation around the fila-
ment; we shall impose here that ∂t ~e1(σ, t) · ~e2(σ, t) = 0
for all t. (More details can be found in Appendix C.)
Next, we will accommodate for scroll wave twisting
using a rotating reference that follows the local phase
φ(σ, t) of the scroll wave. Using the rotation matrix
R aA = R =
(
cosφ sinφ
− sinφ cosφ
)
= exp(φ). (23)
we define for all σ, t:
~eA(σ, t) = R
a
A (σ, t)~ea(σ, t). (24)
The uppercase letters A,B, ... indices will be used
throughout this paper to denote a rotating frame of ref-
erence, in contrast to the indices a, b, ... which refer to
frames with minimal rotation. Furthermore, the Ein-
stein summation convention is assumed for all index sets
in this paper. In the complex basis for GMs and RFs,
implicit summation will only run over {−1, 1}, excluding
the rotational modes.
We may now introduce Fermi coordinates (ρA, σ, τ)
analogous to Eq. (8) which are fully adapted to the scroll
wave’s evolution; the coordinate transformation is given
by
xi(ρA, σ, τ) = Xi(σ, τ) + ρAN iA(σ, τ), (25a)
t(τ) = τ. (25b)
The coordinates (ρA, σ) are the simpler Euclidean ver-
sion of Fermi coordinates in curved space that were also
used to describe scroll wave filaments in anisotropic me-
dia [22, 23]. For a straight, untwisted scroll wave, they
coincide with Cartesian coordinates that rotate around a
fixed axis.
B. Scroll wave as a stack of spiral waves
From translational invariance in the Z direction, one
knows that the spiral wave solution u0(x
′, y′) exactly
solves the RDE (12) in three spatial dimensions. We
now propose a perturbative series of successive approxi-
mations to the scroll wave solution to the RDE (12) for
the case of slightly bent and twisted filaments. For, in
the moving Fermi coordinates of Eq. (25), the solution
is expected to be close to the unperturbed spiral wave
solution u0:
u(ρA, σ, τ) = u0(ρ
A) + u˜(ρA, σ, τ), (26)
where u˜ is of order λ. The formal expansion parameter
λ is bounded by the magnitude of scroll wave twist and
filament curvature, relative to the typical radius d of the
scroll wave’s core:
λ = max(kd, |w|d). (27)
We furthermore assume that that no external stim-
uli were given in recent history, such that the correc-
tion field u˜ only depends on σ and τ through twist
w and curvature components ΛA, i.e. u˜(ρ
A, σ, τ) =
u˜(ρA, w(σ, τ),ΛA(σ, τ)). Our scheme serves to track suc-
cessive orders of approximation for the scroll wave modi-
fication u˜, the angular frequency ω¯ and the drift velocity
vA = ∂t ~X · ~eA:
u˜ =
+∞∑
n=1
un, un = O(λn), (28a)
ω¯ =ω¯0 +
+∞∑
n=1
ω¯n, ω¯n = O(λn), (28b)
vA =
+∞∑
n=1
(vn)
A, (vn)
A = O(λn). (28c)
The definition of the gauge filament (22) here implies that
the corrections un of all orders should be orthogonal to
the three RFs:
〈W(n) | uj〉 = 0, (n ∈ {−1, 0, 1} and j ≥ 1). (29)
C. RDE in moving Fermi coordinates
To express the time-derivative term of Eq. (2) in the
moving and rotating Fermi coordinates (25), we use the
chain rule to find
∂τ = ∂t + ω¯∂θ + v
A∂A (30)
where (r, θ) are the polar coordinates corresponding to
the ρA and vA = ~eA · ∂t ~X. The expansion (26) then
delivers
∂tu =
3∑
j=1
∂τuj −
3∑
j=1
j∑
m=0
ω¯m∂θuj−m
−
3∑
j=1
j∑
m=1
(vm)
A∂Auj−m +O(λ4). (31)
The reaction term can be expanded in a Taylor series.
With indices α, β, ... referring to state variables and the
summation convention assumed, one finds
Fα(u) = Fα(u0) +
∂Fα
∂uβ
(u0)u˜
β
+
1
2
∂2Fα
∂uβ∂uγ
(u0)u˜
β u˜γ +O(λ3). (32)
7The explicit calculation up to third order in twist and
curvature brings:
F(u) = F(u0) + F
′(u0)u1 + F′(u0)u2 +
1
2
F′′(u0)u21
+F′(u0)u3 + F′′(u0)u1u2 +
1
6
F′′′(u0)u31 +O(λ4). (33)
The Fermi coordinates (25) are not orthogonal off the
filament due to twist corrections, even at t = τ = 0.
Therefore, the Laplacian from the diffusion term in RDE
(2) now involves the metric tensor associated to the
coordinate transformation. Using ρ3 = σ and with
µ ∈ {1, 2, 3}, one has that
gµν = ∂µ~x · ∂ν~x. (34)
For the isotropic reaction-diffusion media considered, the
Laplacian thus becomes
∆u = g−1/2∂µ
(
g1/2gµν∂νu
)
= g−1/2∂µ
(
g1/2gµν
)
∂νu + g
µν∂2µνu. (35)
Further elaboration of this term requires evaluation of
the metric tensor. Its components easily follow from
Eqs. (5), (8) and (34) at t = 0. With ∂A~x = ~NA and
∂σ ~NA = (1 − ρBΛB)~T + ρBw CB ~NC , one finds without
approximation that
(gµν) =
(
gAB gAσ
gσB gσσ
)
(36)
=
(
δAB ρ
CwCA
ρCwCB (1− ρCΛC)2 + ρCρDw2δCD
)
.
The size of an infinitesimal volume element is related to
the determinant of this matrix, denoted g. Its square
root is found to be
√
g = 1− ρAΛA. (37)
That is, only filament curvature, not twist, affects the size
of elementary volume elements away from the filament.
The covariant metric tensor can be exactly obtained by
taking the matrix inverse of Eq. (36), e.g. by the cofactor
method:
(gµν) =
(
gAB gAσ
gσB gσσ
)
(38)
=
 δAB + wACwBDρCρD(1−ρCΛC)2 wACρC(1−ρCΛC)2
wBCρ
C
(1−ρCΛC)2
1
(1−ρCΛC)2
 .
Expanding in the ρA, we have found for the diffusion
term:
− Pˆ∆u = −Pˆ∂A∂A(u0 + u1 + u2 + u3) + ΛAPˆ∂Au0
+ΛAPˆ∂Au1 + Λ
AΛBρ
BPˆ∂Au0 − w2Pˆ∂2θu0
+Pˆ∂σw∂θu0 + Λ
APˆ∂Au2 + Λ
AΛBρ
BPˆ∂Au1
−w2Pˆ∂2θu1 + ∂σwPˆ∂θu1 + ΛAΛBΛCρBρCPˆ∂Au0
−2w2ΛBρBPˆ∂2θu0 + 2∂σwΛBρBPˆ∂θu0
+ΛAw
2ACρ
CPˆ∂θu0 − Pˆ∂2σu1
+w∂σΛAρ
APˆ∂θu0 + 2wPˆ∂
2
σθu1 +O(λ4). (39)
D. Perturbation scheme
Collecting the reaction (33), diffusion (39) and time-
derivative (31) parts, the RDE (2) can be written as
(ω¯ − ω¯0) | ∂θu0〉+ vA | ∂Au0〉+ (Lˆ− ∂τ ) | u˜〉 =| S〉,(40)
where the expansion terms are only present in the source
term | S〉. Equation (40) is the cornerstone of our per-
turbative approach: projection onto different subspaces
of eigenfunctions of Lˆ will allow to calculate the higher
order corrections to the scroll wave’s rotation frequency,
drift velocity and wave profile.
We now list the source terms per order in λ:
| S〉 =| S1〉+ | S2〉+ | S3〉+O(λ4), (41)
where
| S1〉 = ΛAPˆ | ∂Au0〉, (42a)
| S2〉 = −ω¯1 | ∂θu1〉+
(
ΛAPˆ− (v1)A
)
| ∂Au1〉
−1
2
| F′′u21〉+ ΛAΛBρBPˆ | ∂Au0〉
−w2Pˆ | ∂2θu0〉+ ∂σwPˆ | ∂θu0〉 (42b)
| S3〉 = −ω¯1 | ∂θu2〉+
(
∂σwPˆ− ω¯2
)
| ∂θu1〉
+
(
ΛAPˆ− (v1)A
)
| ∂Au2〉 − Pˆ | ∂2σu1〉
−1
6
| F(3)u31〉− | F′′u1u2〉
+
(
ΛAΛBρ
BPˆ− (v2)A
)
| ∂Au1〉 − w2Pˆ | ∂2θu1〉
+ΛAΛBΛCρ
BρCPˆ | ∂Au0〉+ 2∂σwΛBρBPˆ | ∂θu0〉
+w2
(
ΛA
A
Cρ
CPˆ | ∂θu0〉 − 2ΛBρBPˆ | ∂2θu0〉
)
+w
(
∂σΛAρ
APˆ | ∂θu0〉+ 2Pˆ | ∂2θσu1〉
)
. (42c)
The general idea of the task ahead is simple: given a
source term of given order j, we can evaluate (vj)
A and
ωj by projecting on the translational and rotational RFs,
as in [22]. The remaining components of the master equa-
tion (40) yield a linear system, which can be solved for-
mally or numerically to reveal the field correction uj .
Once the corrections of given order are known, one can
8proceed to the next order. Note that we used a similar
approach before to obtain the quadratic curvature rela-
tion for wave fronts in RD systems [66]; for scroll waves
we now present results to third order in curvature and
twist.
E. First order solution
The equation (40) contains no zeroth order terms in λ.
When only first order terms in λ are kept, it becomes:
ω¯1 | ∂θu0〉+ (v1)A | ∂Au0〉+ (Lˆ− ∂τ ) | u1〉
= ΛAPˆ | ∂Au0〉. (43)
First, taking the overlap integral with the rotational RF
yields
ω¯1 = 〈Yθ | S1〉 = ΛA〈Yθ | Pˆ | ∂Au0〉. (44)
The rotational correction can be renamed to denote it
is the first order curvature (k) correction: ω1 := Λ
AωkA.
This term was also found in Keener’s work [60] where it
was named c1; in [8] its time-average over one rotation
period was shown to vanish. We shall postpone the time-
averaging process to section IV, as in higher order the
products of oscillatory terms may nevertheless contribute
to the net filament motion.
Secondly, projection onto the translational RF delivers
(v1)
B = 〈YB | S1〉 = ΛA〈YB | Pˆ | ∂Au0〉. (45)
Due to frequent use, we will introduce the notations
〈YB | Pˆ | ∂Au0〉 = (vk)BA = PBA. (46)
The isotropic parts of this tensor are [22]
γ1 =
1
2
〈YA | Pˆ | ∂Au0〉, γ2 =1
2
 BA 〈YA | Pˆ | ∂Bu0〉.
(47)
The pair (γ1, γ2) corresponds to the pair (b2, c3) in [7],
which were interpreted as filament tension in [8]; both
works implied integration over a full period of rotation
to find the net drift of scroll waves. We will perform the
averaging over one period in section IV; for now we verify
using Eqs. (15), (21) that
b2 + ic3 := 〈W+ | Pˆ | V+〉 = γ1 + iKγ2 (48)
with K the sign flag in dxspiral.
Thirdly, we will project Eq. (43) onto the space or-
thogonal to the the GMs to find the wave profile cor-
rection u1. Hereto, we introduce the projection operator
Πˆ, which suppresses all GM or RF components of a given
state vector:
Πˆ = 1− | ∂θu0〉〈Yθ | − | ∂Au0〉〈YA |
= 1−
∑
n∈{−1,0,+1}
| V(n)〉〈W(n) | .
Application to Eq. (43) generates a condition for the
wave profile modification u1:
(Lˆ− ∂τ ) | u1〉 = Πˆ | S1〉 = ΛAΠˆPˆ | ∂Au0〉. (49)
Due to the unceasing rotation of the scroll wave around
the filament, the above equation contains oscillatory
terms regardless of the chosen frame: in the co-rotating
frame, ΛA is a rotating vector, whereas the field cor-
rection u1 changes periodically when viewed in the lab
frame.
The field correction u1 can be obtained from Eq. (49)
by Fourier transformation with respect to time, although
finding the correct signs can be a bit cumbersome. Recall
that from the generalization of the transformation rule
(21), we may define
ρ+ := −(x+ iKy), Λ+ := −(Λx + iKΛy). (50)
In the rotating frame, the filament normal vec-
tor (Λx(τ),Λy(τ), 0) is counter-rotating with frequency
ω¯(σ, τ), such that it can be written Λ+(τ) = −Λ0e±iωτ ,
with the sign still to be established and possibly depend-
ing on the sign flag K.
Let us consider the two cases, starting with K =
+1 and positive ω. The spiral then rotates clock-
wise, delivering counter-clockwise rotation for the vector
(Λx(τ),Λy(τ)). Therefore, Λ+(τ) = −(Λx(τ)+iΛy(τ)) =
−Λ0e+iωτ . In the second case where K = −1 and ω > 0,
the spiral rotates counter-clockwise such that the normal
vector turns clockwise in the co-rotating frame. That’s
why Λ+(τ) = −(Λx(τ)−iΛy(τ)) = −Λ0(τ)e+iωτ . In both
cases, we have found that
Λ+(τ) = −Λ0e+iωτ (51)
regardless of the sign flag K.
Writing the phase angle as φ(τ), with ω = ∂τφ,
the time-derivative of this quantity becomes ∂τΛ
+ =
iωΛ+ + e+iωτ∂τΛ
0. The second term represents the net
change of curvature due to filament dynamics, which is
shown in Eq. (C8a) to be of order λ3, whence ∂τΛ
(m) =
imω0Λ
(m) +O(λ2). In solving Eq. (49), we rewrite u1 as
u1(ρ
A, σ, τ) = ΛA(σ, τ)ukA(ρ
A, σ, τ)
= Λ(m)(σ, τ)uk(m)(ρ
A, σ, τ), (52)
where the implicit summations run over translational in-
dices: A ∈ {x, y} and m ∈ {−1, 1}. We now need to
solve
(Lˆ− imω)Λ(m) | uk(m)〉 = Λ(m)ΠˆPˆ | V(m)〉+O(λ3)(53)
for any Λ(m), whence, without summation over m,
(Lˆ− imω0) | uk(m)〉 =
ΠˆPˆ | V(m)〉+ imω1 | uk(m)〉+O(λ2). (54)
Without loss of generality, we can now put m = 1, since
the case m = −1 follows from complex conjugation. The
9operator Lˆ− iω0 on the left hand side of Eq. (54) has a
right-hand zero mode V+ and is therefore singular. Nev-
ertheless, the solution uk(m) can be found, because the
right-hand side of Eq. (54) is orthogonal to the null-
space of Lˆ − iω0. It was precisely the vanishing of the
null-space component in the right-hand side that deliv-
ered the lowest order equation of motion. This necessary
condition is equivalent to the Fredholm alternative the-
orem, which was also used for scroll waves in [7, 8, 22].
Here we may formally invert the last equation to find
| uk(m)〉 = (Lˆ− imω0)−1ΠˆPˆ | V(m)〉+O(λ). (55)
An easy way to remember the sign in Lˆ± iω0 in Eq. (55)
is that the operator should operate on its zero mode,
preceded by ΠˆPˆ. As a corollary to Eq. (54), the field
correction linear in filament curvature u1 completely van-
ishes for equal diffusion systems: when Pˆ = D0I one has
that Πˆ | V(m)〉 = |0〉, whence | u1〉 = |0〉 altogether.
It is worth noting in Eq. (55) that the field correction
uk of the given order is independent of σ and τ . This
confirms our former hypothesis that u1 only depends on
σ, τ through curvature k and/or twist w. It was therefore
justified to suppose that ∂σu˜1 = u˜1.O(λ).
Finally, we remark that substituting the solution (55)
into Eq. (54) to find a O(λ) correction to uk via the
ω1 term is not a good idea, since it was assumed that
uk only depends on time though Λ
(m). Hence, the time-
derivative of the correction term would wrongfully have
been neglected if we try to improve on u1 right here.
Instead, we will include the additional term in Eq. (54)
in our second order calculation, which we now start.
F. Second order solution
The second order terms in Eq. (40) read
ω¯2∂θu0 + (v2)
A∂Au0 + (Lˆ− ∂τ )u2
= imω1Λ
(m)uk(m) + S2. (56)
The ω1 term originates from Eq. (54); since it is orthog-
onal to the GMs, it does not contribute to the second
order motion. To proceed, we write the source term as
| S2〉 = w2 | Sww〉+ ΛAΛB | SkkAB〉+ ∂σw | Sdw〉 (57)
such that from Eq. (42) follows
| Sww〉 = −Pˆ | ∂2θu0〉,
| SkkAB〉 = −ω¯kA | ∂θukB〉+ (PˆδCA − PCA) | ∂CukB〉
+ρBPˆ | ∂Au0〉 − 1
2
| F′′ukAukB〉, (58)
| Sdw〉 = Pˆ | ∂θu0〉.
Likewise, the second order motion corrections can be
written
ω¯2 = w
2ω¯ww + Λ
AΛBω¯kkAB + ∂σw ω¯dw,
(v2)
C = w2vCww + Λ
AΛB(vkk)
C
AB + ∂σw v
C
dw. (59)
Projecting Eq. (56) onto the rotational and translational
RFs then delivers
ω¯ww = 〈Yθ | Sww〉, vCww = 〈YC | Sww〉,
ω¯kkAB = 〈Yθ | SkkAB〉, (vkk)CAB = 〈YC | SkkAB〉, (60)
ω¯dw = 〈Yθ | Sdw〉, vCdw = 〈YC | Sdw〉.
The terms vCww and v
C
dw correspond to the couples
(−a2,−a3) and (−c2,−c4) in Keener’s work [7, 67]. Even
though these terms vanish when averaged over one rota-
tion period [8], they will contribute to the higher order
filament dynamics, as we show below.
In the case of equal diffusion Pˆ = D0I, one has that
PˆδCA = D0P
C
A and | ukA〉 = |0〉, such that the instanta-
neous motion corrections reduce to
ω¯ww = −D0〈Yθ | ∂2θu0〉, ω¯dw = D0,
vCww = −D0〈YC | ∂2θu0〉, vCdw = 0,
ω¯kkAB = D0〈Yθ | ρB | ∂Au0〉,
(vkk)
C
AB = D0〈YC | ρB | ∂Au0〉. (61)
Next, let us consider the second order field corrections
u2, which can be decomposed as
| u2〉 = w2 | uww〉+ ΛAΛB | ukkAB〉+ ∂σw | udw〉 (62)
= w2 | uww〉+ Λ(m)Λ(n) | ukk(mn)〉+ ∂σw | udw〉.
The time-derivative in Eq. (56) will also operate on the
geometric factors w and ΛA. However, from Eq. (104)
we deduce that this will increase the order of perturba-
tion by at least one order in λ. The twist-induced field
corrections in Eq. (62) thus follow from projecting Eq.
(56) onto the subspace orthogonal to the RFs using Πˆ
defined in Eq. (49):
(Lˆ− ∂τ )udw +O(λ) = Πˆ | Sdw〉 = ΠˆPˆ | ∂θu0〉,(63a)
(Lˆ− ∂τ )uww +O(λ) = Πˆ | Sww〉 = −ΠˆPˆ | ∂2θu0〉. (63b)
As the right-hand sides do not depend on time, the time-
derivative drops out, whence
| udw〉 = Lˆ−1ΠˆPˆ | ∂θu0〉, (64a)
| uww〉 = −Lˆ−1ΠˆPˆ | ∂2θu0〉. (64b)
For the quadratic curvature correction, we recall from the
analysis preceding Eq. (51) that
Λ(m) = −Λ0emiωτ . (65)
Taking into account the additional ω1 term which arose
in Eq. (54) and recalling that Πˆuk(m) = u
k
(m), we find
that ukk follows from
(Lˆ− i(m+ n)ω0) | ukk(mn)〉 = Πˆ | Skk(mn)〉
+miωk(n) | uk(m)〉+ i(m+ n)ω1 | ukk(mn)〉+O(λ). (66)
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This equation can be formally solved to
| ukk(mn)〉 =
(Lˆ− i(m+ n)ω0)−1Πˆ
(
| Skk(mn)〉+miωk(n) | uk(m)〉
)
.
(67)
For the simpler case of equal diffusion systems, uk and
udw fully vanish, leaving the lowest order contributions
| uww〉 = −D0Lˆ−1Πˆ | ∂2θu0〉, (68a)
| ukk(mn)〉 = D0(Lˆ− i(m+ n)ω0)−1Πˆ | ρ(m)V(n)〉.(68b)
From Eq. (B1), one may additionally notice that
ρ+V− = (1/4)(r∂ru0 + iK∂θu0), whence, in the case
of equal diffusion, | ukk+−〉 =| ukk−+〉 = (D0/4)Lˆ−1Πˆ |
r∂ru0〉.
G. Third order rotation and drift
Having arrived at the highest order in curvature and
twist which we intend to treat here, we will not consider
the field corrections u3; only ω3 and v
C
3 will be sought
for. To start, we note that the approximation of Lˆ−iω by
Lˆ−iω0 in the estimation of u1,u2 gives additional source
terms imω2u
k
(m) and i(m + n)ω1u
kk
(mn) that are of third
order. Since they are orthogonal to the translational and
rotational RFs, filament motion will only be affected from
fourth order in λ on. The third order source terms are
thus given by Eq. (42c), which we here write as
| S3〉 = ΛAw2 | SkwwA 〉+ ΛAΛBΛC | SkkkABC〉 (69)
+w∂σΛ
A | SdkwA 〉+ ΛA∂σw | SkdwA 〉+ ∂2σΛA | SddkA 〉.
By projection of Eq. (40) on the translational RF, the
following drift contributions are found:
vF3 = Λ
Aw2(vkww)FA + Λ
AΛBΛC(vkkk)FABC (70)
+w∂σΛ
A(vwdk)FA + Λ
A∂σw(v
kdw)FA + ∂
2
σΛ
A(vddk)FA.
More explicitly, we obtain
(vkww)FA = −〈Yθ | Pˆ | ∂Au0〉〈YF | ∂θuww〉+ 〈Yθ | Pˆ | ∂2θu0〉〈YF | ∂θukA〉+ 〈YF | (PˆδBA − PBA) | ∂Buww〉
+〈YB | Pˆ | ∂2θu0〉〈YF | ∂BukA〉 − 〈YF | Pˆ | ∂2θukA〉+ 〈YF | PˆρA | r∂ru0〉 − 〈YF | Pˆr2 | ∂Au0〉
−2〈YF | PˆρA | ∂2θu0〉 − 〈YF | F′′ukAuww〉, (71a)
(vkkk)FABC = −〈Yθ | Pˆ | ∂Au0〉〈YF | ∂θukkBC〉 − ω¯kkAB〈YF | ∂θukC〉 − (vkk)DAB〈YF | ∂DukC〉
+〈YF | (PˆδDA − PDA) | ∂DukkBC〉+ 〈YF | PˆρA | ∂BukC〉 (71b)
+〈YF | PˆρAρB | ∂Cu0〉 − 〈YF | F′′ukAukkBC〉 −
1
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〈YF | F′′′ukAukBukC〉,
(vdkw)FA = 〈YF | ρAPˆ | ∂θu0〉+ 2〈YF | Pˆ | ∂θukA〉, (71c)
(vkdw)FA = −〈Yθ | Pˆ | ∂Au0〉〈YF | ∂θudw〉 − 〈YB | Pˆ | ∂θu0〉〈YF | ∂BukA〉+ 〈YF | (Pˆ− ω¯dw) | ∂θukA〉
+〈YF | (PˆδBA − PBA) | ∂Budw〉 − 〈YF | F′′ukAudw〉+ 2〈YF | PˆρA | ∂θu0〉, (71d)
(vddk)FA = −〈YF | Pˆ | ukA〉. (71e)
Remark that in vkww, we have simplified a term us-
ing the identity ABCD = δACδBD − δADδBC , from
which follows that  CA 〈YF | PˆρC | ψθ〉 = 〈YF | PˆρA |
r∂ru0〉 − 〈YF | Pˆr2 | ∂Au0〉.
Once more, the expressions become more manageable
when restricted to equal diffusion systems:
(vkww)FA = D0〈YF | ρA | r∂ru0〉 −D0〈YF | r2 | ∂Au0〉
−2D0〈YF | ρA | ∂2θu0〉, (72a)
(vkkk)FABC = D0〈YF | ρAρB | ψC〉, (72b)
(vdkw)FA = D0〈YF | ρA | ∂θu0〉, (72c)
(vkdw)FA = 2D0〈YF | ρA | ∂θu0〉, (72d)
(vddk)FA = 0. (72e)
For the case of equal diffusion of state variables, it ap-
pears that feedback loops through modifications u˜ of the
wave profile do not come into play in the given order.
Only the extent of the spiral’s core matters here, as
seen by the factors r and ρA in the third order coeffi-
cients. Note, moreover, that vddk in this case vanishes
and vkdw = 2vdkw.
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H. Instantaneous motion of the gauge filament
The final result of the previous section is the following.
If one defines the scroll wave filament in the sense that it
is the center line of the solution which has no Goldstone-
mode component, this gauge filament curve is proven to
obey the dynamical laws:
∂τφ = ω¯0 + ω¯
k
AΛ
A + ω¯www2 + ω¯kkABΛ
AΛB + ω¯dw∂σw
+ω¯kwwA Λ
Aw2 + ω¯kkkABCΛ
AΛBΛC + ω¯kdwA Λ
A∂σw
+ω¯dkwA ∂σΛ
Aw + ω¯ddkA ∂
2
σΛ
A +O(λ4), (73a)
∂τX
F = (vk)FAΛ
A + (vww)Fw2 + (vkk)FABΛ
AΛB (73b)
+(vdw)F∂σw + (v
kww)FAΛ
Aw2
+(vkkk)FABCΛ
AΛBΛC + (vkdw)FAΛ
A∂σw
+(vdkw)FA∂σΛ
Aw + (vddk)FA∂
2
σΛ
A +O(λ4).
The equations do not simplify when going to the labora-
tory frame of reference. For, at time t = 0, the quantities
above do not depend on ρA, whence ∂t = ∂τ . Secondly,
the rotating reference vectors ~NA may be transformed to
the non-rotating triad vectors ~Na, using a simple rotation
matrix. Therefore, the transformation to the laboratory
frame of reference merely involves a change of indices:
∂tφ = ω¯0 + ω¯
k
aΛ
a + ω¯www2 + ω¯kkabΛ
aΛb + ω¯dw∂σw
+ω¯kwwa Λ
aw2 + ω¯kkkabc Λ
aΛbΛc + ω¯kdwa Λ
a∂σw
+ω¯dkwa ∂σΛ
aw + ω¯ddka ∂
2
σΛ
a +O(λ4), (74a)
∂tX
f = (vk)faΛ
a + (vww)fw2 + (vkk)fabΛ
aΛb (74b)
+(vdw)f∂σw + (v
kww)faΛ
aw2
+(vkkk)fabcΛ
aΛbΛc + (vkdw)faΛ
a∂σw
+(vdkw)fa∂σΛ
aw + (vddk)fa∂
2
σΛ
a +O(λ4).
For a laboratory observer, the Λa are slowly varying
vectors, but all coefficients ω...... , (v
...)f... that have spatial
indices are oscillating in time due to the scroll wave’s
rotation. Not surprisingly, the instantaneous motion of
gauge filaments is therefore strongly phase-dependent.
Unfortunately, this implicit oscillatory behavior makes
further analysis rather difficult.
To perform rigorous stability analysis, we were forced
to introduce some notion of a mean filament position.
First, we tried to perform temporal averaging over one
period, but the concept of a period is hard to define when
the phase itself varies in time on both long and short time
scales. Therefore, we have constructed a mean filament
by filtering out the phase-dependent oscillations instead.
We call these filaments ‘virtual filaments’, in contrast to
the gauge filament which we used so far. The definition
of virtual filaments and their equation of motion are pre-
sented in the next section.
IV. SIMPLE DYNAMICS USING THE
VIRTUAL FILAMENT
A. Gauge filament trajectory in lowest order
We now aim to find the leading order expression for
Xa(σ, t), i.e. the solution to the quasi-periodic, non-
linear differential equations (74a)-(74b). First, we have
attempted to compute the net motion of the curve during
one rotation period. Alas, the period of rotation itself is
hard to define if a filament is curved and twisted. Now,
we find it more useful to isolate the ‘fast’ components of
the filament motion, i.e. those contributions with cyclic
dependency on nω0t for integer n. In the limit of small
filament twist and curvature, the oscillations at a fre-
quency nω0t occur on a much faster timescale than the
filament drift induced by curvature and twist. These will
provide only a slow amplitude modulation to the oscil-
lating terms.
Let us first illustrate the proposed approach by per-
forming the analysis in linear order in the filament’s cur-
vature. In the process, it is convenient to single out the
phase evolution of an unperturbed scroll wave, which is
why we define the unperturbed phase ζ0 and phase cor-
rection ζ as
ζ0(σ, t) = φ0(σ) + ω¯0t,
φ(σ, t) = ζ0(σ, t) + ζ(σ, t), (75)
where ζ is expected to be small in the case of low curva-
ture and twist. In first order in λ, the laws of motion for
the gauge filament simplify to
∂tζ = ω¯
k
aΛ
a +O(λ2), (76a)
∂tX
b = (vk)baΛ
a +O(λ2). (76b)
For a given initial filament position with phase φ0(σ) and
curvature components Λ0(σ), we may now explicitly in-
tegrate the linear system (76). If the phase evolution had
been independent of the filament shape, the coefficients
in Eq (76b) had been periodic in time, such that one
would have obtained a Floquet problem. In the present
case, we will therefore look for a Fourier series solution
with slow amplitude modulation:
ζ(σ, t) = Z0(σ, t) (77a)
+Zc(σ, t) cos ζ0(σ, t) + Zs(σ, t) sin ζ0(σ, t)
+Zcc(σ, t) cos 2ζ0(σ, t) + Zss(σ, t) sin 2ζ0(σ, t) + . . .
Xa(σ, t) = Xa0 (σ, t) (77b)
+Xac (σ, t) cos ζ0(σ, t) +X
a
s (σ, t) sin ζ0(σ, t)
+Xacc(σ, t) cos 2ζ0(σ, t) +X
a
ss(σ, t) sin 2ζ0(σ, t) + . . .
In linear order in λ, Λa = ∂2σX
a = Λa0 +O(λ2). Further-
more, the rotation matrices that relate the co-rotating
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and laboratory frame are
xa = Ra Ax
A, (78a)
Ra A = (R)
a
A = δ
a
A cosφ+ 
a
A sinφ,
xA = RAax
a, (78b)
RAa = (R
T )Aa = δ
A
a cosφ+ 
A
a sinφ.
Thus, putting the form (77a) into Eq. (76a) brings
Z˙0 + (Z˙c + ω¯0Zs) cos ζ0 + (Z˙s − ω¯0Zc) sin ζ0
= ω¯kAΛ
a
0
(
δAa cos ζ0 + 
A
a sin ζ0
)
+O(λ2). (79)
We will also write, in obvious matrix notation,
ω¯kAΛ
a
0δ
A
a = ωΛ0, ω¯
k
AΛ
a
0
A
a = −ωΛ0. (80)
Next, identifying the oscillating components in Eq. (79),
we see that Z˙0 = 0, together with
Z˙c + ω¯0Zs = ωΛ0, Z˙s − ω¯0Zc = −ωΛ0. (81)
Elimination of Zs delivers Z¨c + ω¯
2
0Zc = ω¯0ωΛ0. In the
general solution Zc(t) = α1 cosω0t + α2 sinω0t +
ωΛ0
ω¯0
,
the coefficients α1, α2 must vanish, since we defined Zc
to be a slow amplitude modulation; the same argument
holds for Zs. Therefore, we find
Zs =
ωΛ0
ω¯0
+O(λ2),
Zc =
ωΛ0
ω¯0
+O(λ2), (82)
Z0 = −Zc cosφ0 − Zs sinφ0 +O(λ2).
The constant value of Z0 follows from the requirement
that the phase correction ζ should vanish for t = 0. We
conclude from Eqs. (77a), (82) that in lowest order in λ
and for small times t, the scroll wave’s phase oscillates
at a frequency ω0 with constant amplitude around its
unperturbed value, with amplitude proportional to the
filament curvature k:
Aphase =
√
(ωΛ0)2 + (ωΛ0)2
|ω¯0| =
||ω||k
ω0
(83)
=
|ωk+|
ω0
k =
|〈W(0) | Pˆ | V+〉|
ω0
k. (84)
Next, we consider the filament motion in the plane
transverse to the filament at t = 0, i.e.
Xi(σ, t) = Xi(σ, 0) +Xa(σ, t) ~Na(σ) (85)
with Xa(σ, t) expanded as in Eq. (77b) and Xa(σ, 0) = 0.
Viewed as a vector in the transverse plane to the filament,
we will whenever convenient write Xa as X. For the
time-dependent coefficient P ba, we find
P ba = R
b
BP
B
AR
A
a, (86)
or, in matrix notation, Plab = RPR
T . Here, we shall
decompose the constant matrix PBA in a basis of Pauli
matrices (see also Appendix A), i.e.
P = P0δ + P1σ
1 + P2+ P3σ
3. (87)
Furthermore, we split the rotation matrix R = R0R˜:
R = exp φ, R0 = exp ζ0, R˜ = exp ζ. (88)
Rotating the tensor P according to the unperturbed
phase brings for P˜ = R0PR
T
0 , with R0 = cos ζ0δ +
sin ζ0,
P˜ =
P− P
2
+
P + P
2
cos 2ζ0 +
P−P
2
sin 2ζ0
= (P0δ + P2) + P6 cos 2ζ0 + P5 sin 2ζ0. (89)
Here, we have additionally defined
P5 = (P1σ
3 − P3σ1), P6 = (P1σ1 + P3σ3). (90)
Useful properties of these matrices can be found in Ap-
pendix A. Finally, we find for the P ba = (Plab)
b
a:
Plab = R0 exp(ζ)P exp(−ζ)TRT0
= P0δ + P2+ (1− 2ζ2) (P6 cos 2ζ0 + P5 sin 2ζ0)
+2ζ (P5 cos 2ζ0 −P6 sin 2ζ0) +O(λ3). (91)
For translational motion, we find from Eqs. (89) and (91)
that Plab = P˜ +O(λ), which implies that
X˙ = P˜Λ0 +O(λ2). (92)
Substituting the proposed form (77b) then yields the lin-
ear system
X˙0 = (P0δ + P2)Λ0,
X˙c + ω¯0Xs = 0,
X˙s − ω¯0Xc = 0, (93)
X˙cc + 2ω¯0Xss = P6Λ0,
X˙ss − 2ω¯0Xcc = P5Λ0.
This linear system of equations is uncoupled in the given
order and therefore easily solved, after one recalls that
the coefficients X... cannot oscillate at frequencies nω0
with n integer. Moreover, the initial condition X(σ, 0) =
0 fixes the value of X0:
X0 = t(P0δ + P2)Λ0
−Xcc cos 2φ0 −Xss sin 2φ0 + +O(λ2),
Xs = 0 +O(λ2),
Xc = 0 +O(λ2), (94)
Xss =
P6Λ0
2ω¯0
+O(λ2),
Xcc = −P5Λ0
2ω¯0
+O(λ2).
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Note that the oscillatory terms Xss,Xcc have not been
described elsewhere. In Eq. (A5) of the appendix, we
prove that the vectors P5Λ0 and P6Λ0 are mutually or-
thogonal, from which the amplitude of the drift oscilla-
tions is given by
Atr =
1
2|ω¯0|
√
ΛT0 (P
2
5 cos
2 2ζ0 + P26 sin
2 2ζ0)Λ0
=
√
(P 21 + P
2
3 ) k
2ω0
=
k
2ω0
|〈W+ | Pˆ | V−〉|. (95)
In summary, we find in lowest order that the solution
to the dynamical laws for filament motion is given by
φ(σ, t) = φ0 + ω¯0t (96a)
+
ωΛ0
ω¯0
[cos(ω¯0t+ φ0)− cosφ0]
+
ωΛ0
ω¯0
[sin(ω¯0t+ φ0)− sinφ0] +O(λ2),
X(σ, t) = t(P0δ + P2)Λ0 (96b)
−P5Λ0
2ω¯0
[cos 2(ω¯0t+ φ0)− cos 2φ0]
+
P6Λ0
2ω¯0
[sin 2(ω¯0t+ φ0)− sin 2φ0] +O(λ2).
B. The virtual filament
Although the solution (96) may be averaged in time
over one rotation period, this procedure becomes increas-
ingly cumbersome when going to higher order. Notably,
the rotation period will vary per cycle, and depend on the
chosen initial phase φ0. We take another approach here,
based on the observation that the actual filament motion
naturally separates in a slow component and a fast oscil-
latory component. In particular, Eqs. (96) reveals that
the filament trajectory in every transverse plane takes
the shape of a cycloid for small t and λ. For this reason,
we propose to redefine the filament curve such that all
fast cyclic motion is suppressed from it. We shall call
this curve the ‘virtual filament’, in contrast to the ‘gauge
filament’, which we defined in section II D by demanding
that the wave profile around it should possess no compo-
nent along the Goldstone modes of the problem.
Around every time instance t, the gauge filament is
known to describe an epicycle trajectory. The virtual
filament to a scroll wave is the instantaneous gauge fil-
ament, after the epicycle motion component due to the
rotation of the scroll wave has been eliminated. Direct
application of this definition to the lowest order filament
solution (96) immediately brings for the virtual filament
that
φvir = φ0 + ω¯0t (97a)
−ωΛ0
ω¯0
cosφ0 − ωΛ0
ω¯0
sinφ0 +O(λ2),
Xvir = t(P0δ + P2)Λ0 (97b)
+
P5Λ0
2ω¯0
cos 2φ0 − P6Λ0
2ω¯0
sin 2φ0 +O(λ2).
The trajectory of the virtual filament still seems to de-
pend on the initial phase φ0 of the gauge filament. Fortu-
nately, we may recall that our twist-adapted frame is still
attached to the gauge filament at the time t = 0, which
causes the residual dependency on φ0. If one, however,
attaches the frame of reference to the virtual filament at
t = 0, one finds instead of Eqs. (85) that
φ(σ, t) = φvir(σ, 0) + ω0t+ ζ(σ, t). (98a)
Xi(σ, t) = Xivir(σ, 0) +X
a(σ, t)(Nvir)ia(σ). (98b)
In this reference frame, the same linear systems (81),(93)
are generated, but the initial conditions ζ(σ, 0) = 0,
Xa(σ, 0) = 0 are replaced by the vanishing of oscillatory
components in the solution. In the frame of the virtual
filament, we readily find instead of Eqs. (96) that the
gauge filament evolves as
φ(σ, t) = φ0 + ω¯0t+
ωΛ0
ω¯0
cos(ω¯0t+ φ0)
+
ωΛ0
ω¯0
sin(ω¯0t+ φ0) +O(λ2), (99a)
X(σ, t) = t(P0δ + P2)Λ0 − P5Λ0
2ω¯0
cos 2(ω¯0t+ φ0)
+
P6Λ0
2ω¯0
sin 2(ω¯0t+ φ0) +O(λ2). (99b)
By definition, the virtual filament consists of the non-
oscillating drift components:
φvir(σ, t) = φ0 + ω¯0t+O(λ2), (100)
Xvir(σ, t) = t(P0δ + P2)Λ0 +O(λ2).
Since these relations are satisfied in a small interval of
time around an arbitrarily picked instance of time, we
may differentiate the solution (100) with respect to time
to find the law of motion for the virtual filament:
∂tφvir(σ, t) = ω¯0 +O(λ2), (101)
∂tXvir(σ, t) = (P0δ + P2)Λvir +O(λ2).
We have now finally established a result that we had
been searching for, since Eq. (101) can be written with
γ1 ≡ P0 and γ2 ≡ −P2 as
∂tφvir = ω¯0 +O(λ2), (102)
∂t ~Xvir(σ, t) = γ1∂
2
σ
~Xvir + γ2∂σ ~Xvir × ∂2σ ~Xvir +O(λ2).
Our result is formally identical to the rotation-averaged
law of motion by Biktashev et al. [8]. Here, we re-
interpret this classical expression as being the instanta-
neous equation of motion for the virtual filament.
We now continue the derivation of the EOM for the
virtual filament up to third order in twist and curvature;
the final result will be reached in section IV E, so the
reader which is not interested in the technical derivation
may continue reading from Eq.(137).
14
C. Higher order rotational dynamics for the
virtual filament
To denote the position of the filament curves, an abso-
lute, stationary frame of reference is now chosen. Since
phase dynamics can be treated at the level of the EOM
for the gauge filament, there is no need to construct a
twisted frame. For simplicity, we thus construct a rela-
tively parallel adapted frame around the virtual filament
at time t = 0, which has position Xi0(σ, 0). That is, the
basis vectors ~T0(σ), ~N1(σ) and ~N2(σ) are parallel trans-
ported along the virtual filament curve. Relative to this
fixed frame, the transverse velocity gauge is imposed on
time evolution of both the gauge filament Xi and the
virtual filament Xi0:
Xi(σ, t) = Xi0(σ, 0) +X
a(σ, t) ~Na(σ, 0),
Xi0(σ, t) = X
i
0(σ, 0) +X
a
0 (σ, t)
~Na(σ, 0). (103)
The lower cap indices a, b, c, ... are used here since the
frame is non-rotating. As before, we introduce a boldface
matrix notation in the transverse plane, and write X and
X0 instead of X
a and Xa0 .
A frame of reference directions on the gauge filament,
annotated ( ~eσ(σ, t), ~e1(σ, t), ~e2(σ, t)) is obtained from the
set ~Na(σ), by performing the following procedure at all
times t. The fixed orthonormal vectors ~N1(σ), ~N2(σ) are
parallel transported along a straight line to the intersec-
tion point of the gauge filament and the given transverse
plane. Afterwards, they are minimally rotated to be-
come orthogonal to the gauge filament. These conditions
completely fix the time-dependent frame on the gauge
filament, such that we may compute (see Eq. (C8a) in
Appendix C):
Λa(σ, t) = ~ea(σ, t) · ∂2s ~X(σ, t)
= Λa0 + Λ
a
0XbΛ
b
0 +X
′′a +O(λ4), (104a)
wfr(σ, t) =
ab
2
∂s ~ea(σ, t) · ~eb(σ, t)
=  ba X
′
bΛ
a
0 +O(λ4). (104b)
In second order, the instantaneous, quasi-periodic non-
linear differential equation for the gauge filament phase
is given by Eq.(74a). For the twist and curvature terms
it can be calculated that (with f ′ = ∂σf)
∂sφ = φ
′
0 + Z
′
0 + (Z
′
c + Zsφ
′
0) cos ζ0 (105a)
+(Z ′s − Zcφ′0) sin ζ0 +O(λ3),
(∂sφ)
2 = φ′20 +O(λ3), (105b)
∂2sφ = φ
′′
0 +O(λ3), (105c)
Λa = Λa0 +O(λ3). (105d)
We also decompose the matrix element ω¯kkAB =
R aA ω¯
kk
abR
b
B in the Pauli matrix basis:
(ω¯kkAB) = Θ0δ + Θ1σ
1 + Θ2+ Θ3σ
3, (106)
Θ5 = Θ1σ
3 −Θ3σ1, Θ6 = Θ1σ1 + Θ3σ3,
such that in analogy to the transformation rule for (P ba),
i.e. Eq. (89) follows
ω¯kkabΛ
aΛb = Θ0k
2
0 + Λ
T
0 Θ6Λ0 cos 2ζ0
+ ΛT0 Θ5Λ0 sin 2ζ0 +O(λ3). (107)
The second order contribution within ωaΛ
a is found as
ω¯kaΛ
a = ωRTΛ0 +O(λ3)
= ωRT0 (cos ζδ − sin ζ)Λ0 +O(λ3)
= − (ωΛ0)
2 + (ωΛ0)
2
2ω¯0
+ cos ζ0ωΛ0
− sin ζ0ωΛ0
+ cos 2ζ0
(ωΛ0)
2 − (ωΛ0)2
2ω¯0
− sin 2ζ0 (ωΛ0)(ωΛ0)
ω¯0
+O(λ3). (108)
Here, we introduce the notation
ω ⊗ ω
ω¯0
= Θ¯ = Θ¯0δ + Θ¯1σ
1 + Θ¯3σ
3, (109)
Θ¯5 = Θ¯1σ
3 − Θ¯3σ1, Θ¯6 = Θ¯1σ1 + Θ¯3σ3.
such that
ω¯kaΛ
a = −Θ¯0k20 + cos ζ0ωΛ0 − sin ζ0ωΛ0
+ cos 2ζ0 Λ
T
0 Θ6Λ0 + sin 2ζ0 Λ
T
0 Θ5Λ0 +O(λ3). (110)
At this point, we can define the coefficients that will ap-
pear in the final phase equation:
a0 = ω¯ww,
b0 = Θ0 − Θ¯0 = δ
AB
2
(
ω¯kkAB −
ω¯kAω¯
k
B
ω¯0
)
, (111)
d0 = ω¯dw.
Then, the system for the phase oscillations up to second
order becomes, with w0 = φ
′
0,
Z˙0 = a0w
2
0 + b0k
2
0 + d0w
′
0,
Z˙c + ω0Zs = ωΛ0,
˙Zcc + 2ω0Zss = Λ
T
0 (Θ6 + Θ¯6)Λ0, (112)
Z˙s − ω0Zc = −ωΛ0,
˙Zss − 2ω0Zcc = ΛT0 (Θ5 + Θ¯5)Λ0.
Hence follows
Z0 = (a0w
2
0 + b0k
2
0 + d0w
′
0)t,
Zs =
ωΛ0
ω0
, Zss =
ΛT0 (Θ6 + Θ¯6)Λ0
2ω¯0
, (113)
Zc =
ωΛ0
ω0
, Zcc = −Λ
T
0 (Θ5 + Θ¯5)Λ0
2ω¯0
.
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For the evolution of virtual phase, it could be even con-
cluded from the first equation of (112) alone that, with
φ˙vir − ω¯0 = Z˙0,
φ˙vir = ω¯0 + a0w
2
vir + b0k
2
vir + d0w
′
vir +O(λ3). (114)
We thus recover the time-averaged phase equation of Bik-
tashev et al.. [8], supplemented with the term b0k
2, ac-
counting for the differential rotation rate of scroll rings
of unequal radii. This correction is responsible for the
shift in the resonant window that was observed in nu-
merical experiments to push scroll waves to the domain
boundary, where they become rings of small radius and
therefore of high curvature [73]. Since the rotational cor-
rection will be needed in what follows, we introduce
ω¯2 = a0w
2
0 + b0k
2
0 + d0w
′
0. (115)
In third order, no contributions to the virtual phase
are found. Therefore, Eq. (114) is our most advanced re-
sult on phase evolution. This PDE is an inhomogeneous
Burger’s equation, with local filament curvature acting as
a source term. Such equation is known to support shock
waves and rarefaction waves and deserves to be studied
further in the present context.
D. Higher order translational dynamics for the
virtual filament
Similarly to the phase equation, the translational dy-
namics for the virtual filament can be analyzed in second
order in curvature and twist. However, our calculations
show that there is no net contribution to the virtual fil-
ament motion, eventually leading to
X˙0 = (P0δ + P2)Λ +O(λ3). (116)
Nonetheless, nonzero Fourier amplitudes
Xc,Xs,Xccc,Xsss are obtained, which demonstrates
that the gauge filament exhibits non-trivial second order
dynamics with temporal frequency content ω0 and 3ω0.
For the third order translational dynamics, we recall
the EOM (74b) that needs to be solved for the gauge
filament:
∂tX
f = (vk)faΛ
a + (vww)fw2 + (vkk)fabΛ
aΛb (117)
+(vdw)f∂σw + (v
kww)faΛ
aw2
+(vkkk)fabcΛ
aΛbΛc + (vkdw)faΛ
a∂σw
+(vdkw)fa∂σΛ
aw + (vddk)fa∂
2
σΛ
a +O(λ4).
The task at hand is to determine all contributions to
the virtual filament motion X˙0 that are generated in
third order in curvature and twist. We now start treating
all nine terms in Eq. (117), one at a time. The outcome
will be gathered in the system (133).
As the first term, we need to evaluate (vk)faΛ
a, with
(vk)fa previously defined as P
f
a. To find Λ
a, we take the
lowest order gauge filament solution (96). Substitution
in Eq. (104) generates
Λ = Λ0 + M0t+ cos 2ζ0Mcc + sin 2ζ0Mss +O(λ4)(118)
with
M0 = P0k
2
0Λ0 + (P0δ + P2)Λ
′′
0 , (119a)
Mcc = −4w20Xcc + (ΛT0 Xcc)Λ0
+4w0X
′
ss + 2Xssw
′
0 + X
′′
cc, (119b)
Mss = −4w20Xss + (ΛT0 Xss)Λ0
−4w0X′cc − 2Xccw′0 + X′′ss. (119c)
Multiplication with the tension matrix (91) yields a com-
plicated expression, which is denoted as
PlabΛ = (P0δ + P2)Λ0 (120)
+Q1 + Q2 + Q3 + Q4 + ...+O(λ4).
Henceforth, we write trailing dots (. . .) to hide the terms
that are the product of a constant factor in time and
cos(nζ0), sin(nζ0), since these will only determine oscil-
lation amplitudes and not affect virtual filament motion.
The third order terms that could impact on virtual fila-
ment dynamics are given by
Q1 = (P6 cos 2ζ0 + P5 sin 2ζ0)Λ0(−2ζ2), (121)
Q2 = 2(P5 cos 2ζ0 −P6 sin 2ζ0)Λ0ζ,
Q3 = (P0δ + P2+ P6 cos 2ζ0 + P5 sin 2ζ0)M0t,
Q4 = (P6 cos 2ζ0 + P5 sin 2ζ0) (Mcc cos 2ζ0 + Mss sin 2ζ0) .
It will turn out below that none of the terms in Q3 will
contribute to the virtual filament motion, as they con-
tain a factor t. After some arithmetic one finds for the
remaining terms, with Θˆ = Θ¯ + Θ,
Q1 =
k20
ω¯0
(
(Θ¯1P1 + Θ¯3P3)Λ + (Θ¯1P3 − Θ¯3P1)Λ
)
+ ...
Q2 = 2(P5Λ0 cos 2ζ0 −P6Λ0 sin 2ζ0)ω¯2t
− k
2
0
2ω¯0
(
(Θˆ1P1 + Θˆ3P3)Λ + (Θˆ1P3 − Θˆ3P1)Λ
)
+ ...
Q4 =
P 21 + P
2
3
2ω¯0
(
Λ′′0 − 4w20Λ0
)
+
P 21 + P
2
3
2ω¯0
(
4w0Λ
′
0 + 2w
′
0Λ0
)
+ ... (122)
For the second term in Eq. (117), we decompose
(vkk)FAB = K
F
0 σ
0
AB +K
F
1 σ
1
AB +K
F
2 AB +K
F
3 σ
3
AB ,
KF5 = K
F
1 σ
3 −KF3 σ1, KF6 = KF1 σ1 +KF3 σ3. (123)
Thus we find, after some intermediate steps,
(vkk)fabΛ
aΛb = Rf FΛ
T
0 K
F
labΛ0 +O(λ4) (124)
=
1
2ω¯0
(
f FωΛ0 − δf FωΛ0
)
KF0 k
2
0 + ...+O(λ4).
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To further simplify the result, consider KF0 as a vector
K0 in the transverse plane, attached to the spiral wave
solution, i.e. K0 = K
F
0 eF . The induced motion is then,
from Eq. (124),
(vkk)fabΛ
aΛbef =
k20
2ω¯0
(K0ω−K0ω) Λ0. (125)
The direct product of K0 and ω forms a tensor of rank
2, i.e. K0 ⊗ ω = ω¯0κ. Subsequently, this quantity too
can be decomposed in its Pauli components κ = κ0δ +
κ1σ
1 + κ2+ κ3σ
3 to find
KfabΛ
aΛbef = −k20 (κ0δ + κ2) Λ0. (126)
Remark that κ0 = (1/2)Tr(κ) = K0 · ω/(2ω¯0) and κ2 =
T · (K0 × ω)/(2ω¯0), with T the tangent vector to the
filament curve.
Moving further along the terms of Eq. (117), one en-
counters the twist terms (vww)f (∂sφ)
2 and (vdw)f∂2sφ.
We should take into account that the frame ~ea has a non-
vanishing twist wfr for t 6= 0, but since wfr = O(λ3), its
products and arc length derivatives will be of higher or-
der and not contribute here. Hence,
∂sφ =
(
1 + ΛT0 X
)
w0 + Z
′
0t+ (Z
′
c + w0Zs) cos ζ0
+(Z ′s − w0Zc) sin ζ0 + (Z ′cc + 2w0Zss) cos 2ζ0
+(Z ′ss − 2w0Zcc) sin 2ζ0 +O(λ4), (127a)
∂2sφ = w
′
0 +
(−Zcw20 + w′0Zs + 2w0Z ′s + Z ′′c ) cos ζ0
+(−Zsw20 − w′0Zc − 2w0Z ′c + Z ′′s ) sin ζ0
+O(λ4), (127b)
(∂sφ)
2 = w20 + 2w0(Z
′
c + w0Zs) cos ζ0
+2w0(Z
′
s − w0Zc) sin ζ0 +O(λ4). (127c)
Identifying (vww)f with a vector a in the transverse plane
and (vdw)f with d, one finds
(∂sφ)
2afef = − w
2
0
2ω¯0
(aω− aω)Λ0
+
w0
ω¯0
(aω+ aω)Λ′0 + ...+O(λ4), (128)
∂2sφd
fef =
1
2ω0
(dω− dω) 2w0Λ′0 + ...
+
1
2ω0
(dω+ dω)
(
Λ′′0 − w20Λ0
)
+O(λ4).
We introduce the 2× 2 matrices
α = a⊗ωω¯0 = α0δ + α1σ
1 + α2+ α3σ
3,
∆ = d⊗ωω¯0 = ∆0δ + ∆1σ
1 + ∆2+ ∆3σ
3, (129)
which allows to write
(vww)f∂2sφ ef = (α0δ + α2)w
2
0Λ0 (130a)
+2(−α2δ + α0)w0Λ′0 + ...+O(λ4),
(vdw)f∂2sφ ef = −w0 (∆0δ + ∆2) Λ′0 (130b)
+ (−∆2δ + ∆0) (Λ′′0 − w20Λ0) + ...+O(λ4).
Returning to Eq. (117), we see that the four terms
which tune in only at third order require no expansion of
the rotation matrices here, whence easily follows for e.g
the twist-curvature coupling term:
w20(v
kww)f aΛ
aef = w
2
0
(
A˜0δ + A˜2
)
Λ0
+...+O(λ4), (131a)
where we have split the constant matrix (vkww)FA in
its Pauli components A = A˜0δ + A˜1σ
1 + A˜2 + A˜3σ
3.
Similarly, one obtains up to third order in λ,
∂2sφ (v
kdw)faΛ
aef = w
′
0
(
D˜0δ + D˜2
)
Λ0 + ...(131b)
(vddk)fa∂
2
sΛ
aef =
(
E˜0δ + E˜2
)
Λ′′0 + ... (131c)
∂sφ (v
dkw)fa∂sΛ
aef = w0
(
C˜0δ + C˜2
)
Λ′0 + ... (131d)
Ultimately, we consider the term (vkkk)fabcΛ
aΛbΛc that
appears in Eq. (117). In Appendix D, we show that this
term can be written as
(vkkk)fabcΛ
aΛbΛcef
= k20
(
B˜0δ + B˜2
)
Λ0 + ...+O(λ4). (132)
Finally, we have expanded all individual terms of the
gauge filament EOM (117) in third order in twist and
curvature. When gathering all contributions from Eqs.
(122),(126),(130),(131),(132), we see that a linear system
emerges of the shape:
X˙0 = (P0δ + P2)Λ0 + Ξ0(σ) + ξ0(σ)t+O(λ4),
X˙c + ω0Xs = Ξc(σ) +O(λ4),
X˙s − ω0Xc = Ξs(σ) +O(λ4),
X˙cc + 2ω0Xss = Ξcc(σ) + ξcc(σ)t+O(λ4),
X˙ss − 2ω0Xcc = Ξss(σ) + ξss(σ)t+O(λ4),
X˙ccc + 3ω0Xsss = Ξccc(σ) +O(λ4),
X˙sss − 3ω0Xccc = Ξsss(σ) +O(λ4),
X˙cccc + 4ω0Xssss = Ξcccc(σ) +O(λ4),
X˙sssss − 4ω0Xcccc = Ξssss(σ) +O(λ4). (133)
where the secular terms ξcc(σ)t, ξss(σ)t originate from
Q3 in (120). When solving this linear system, it can be
checked that these terms ξcc(σ)t, ξss(σ)t will only mod-
ulate the amplitude of oscillations. Since the oscillations
are by definition filtered out to find the virtual filament,
they do not affect its motion.
Virtual filament dynamics is encoded in the first equa-
tion of (133), which can be readily integrated to
X0 = (P0δ + P2)Λ0t+ Ξ0(σ)t+ ξ0(σ)
t2
2
+O(λ4).(134)
The integration constant was set to zero here, since at
the time t = 0, the virtual filament coincides with the
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curve to which the parallel frame was attached. By dif-
ferentiating with respect to time, it follows for the virtual
filament motion at the time t = 0 that
X˙vir(σ, 0) = (P0δ + P2)Λ0 + Ξ0(σ) +O(λ4). (135)
Thus, to find the coefficients in the equation of motion
for the virtual filament, we only need Ξ0(σ), i.e. the
sum of terms without explicit time dependence that we
computed in Eqs. (122),(126),(130),(131) and (132):
Ξ0 =
k20
ω¯0
(
(Θ¯1P1 + Θ¯3P3)Λ + (Θ¯1P3 − Θ¯3P1)Λ
)
− k
2
0
2ω¯0
(
(Θˆ1P1 + Θˆ3P3)Λ + (Θˆ1P3 − Θˆ3P1)Λ
)
+
P 21 + P
2
3
2ω¯0
(
Λ′′0 − 4w20Λ0 + 4w0Λ′0 + 2w′0Λ0
)
−k20 (κ0δ + κ2) Λ0 + (α0δ + α2)w20Λ0
+2(−α2δ + α0)w0Λ′0 − w0 (∆0δ + ∆2) Λ′0
+ (−∆2δ + ∆0) (Λ′′0 − w20Λ0) + w20
(
A˜0δ + A˜2
)
Λ0
+w′0
(
D˜0δ + D˜2
)
Λ0 +
(
E˜0δ + E˜2
)
Λ′′0
+w0
(
C˜0δ + C˜2
)
Λ′0 + k
2
0
(
B˜0δ + B˜2
)
Λ0. (136)
E. Law of motion for the virtual filament
From Eq. (136) above, we find for the motion of the
virtual filament an expression of the form
X˙vir = (γ1δ − γ2)Λ + (a1δ − a2)w2Λ (137)
+(B1δ −B2)k2Λ + (c1δ − c2)wΛ′
+(d1δ − d2)w′Λ− (e1δ − e2)Λ′′ +O(λ5).
The minus sign preceding e1, e2 has been chosen as in
[25], such that positive e1 yields a positive rigidity of
the filament curve. The equality of e1, e2 in the present
context to the expressions given in [25] will be furnished
in Appendix E. One may check from symmetry that no
O(λ4) terms will cause net drift of the virtual filament,
such that our result is valid up to terms to the fifth order
of twist and curvature.
An important contribution in this work is that our
lengthy calculations explicitly provide the coefficients
in terms of response functions, which allows to predict
three-dimensional scroll wave dynamics once the pertur-
bative responses of the two-dimensional spiral wave are
known. By comparison of Eqs. (136) and (137) we ob-
tain, with Θ˜a =
1
2 Θˆa − Θ¯a = 12 (Θa − Θ¯a), a ∈ {1, 2}:
γ1 = P0, (138a)
γ2 = −P2,
a1 = A˜0 + α0 + ∆2, (138b)
a2 = −A˜2 − α2 + ∆0 + 2P
2
1 + P
2
3
ω¯0
,
B1 = B˜0 − Θ˜1P1 + Θ˜3P3
2ω¯0
− κ0, (138c)
B2 = −B˜2 + Θ˜1P3 − Θ˜3P3
2ω¯0
+ κ2,
c1 = C˜0 − 2α2 −∆0 + 2P
2
1 + P
2
3
ω¯0
, (138d)
c2 = −C˜2 − 2α0 + ∆2,
d1 = D˜0 +
P 21 + P
2
3
ω¯0
, (138e)
d2 = −D˜2,
e1 = −E˜0 + ∆2, (138f)
e2 = E˜2 + ∆0 +
P 21 + P
2
3
2ω¯0
.
An alternative expression of the EOM (137) is found
using subsequent arc length differentiation of the fil-
ament position, following the style of [8, 24]. From
Λ = Λxex+Λyey follows that Λ = Λyex−Λxey, whereas
~T × ∂2σ ~X = −Λy ~ex + Λx ~ey. Therefore, −Λ corresponds
to +~T × ∂2σ ~X, which is why the minus sign was included
with  terms in Eq. (137). We may now use the proper-
ties of the relatively parallel frame around the filament,
i.e. ∂σ ~T = Λ
A ~NA, ∂σ ~NA = −ΛA ~T , ~T × ~NA =  BA ~NB ,
to find an alternative form of the EOM for virtual scroll
wave filaments. Herein, some of the higher order coeffi-
cients will recombine to different combinations
B1 = b1 + e1, B2 = b2 + e2, (139a)
b1 = B1 − e1, b2 = B2 − e2. (139b)
At last, we have obtained the law of motion for the
virtual filament, which approximates the gauge filament
around which the scroll wave rotates:
~˙X =
(
γ1 + a1w
2 + b1k
2 + d1∂sw
)
∂2s ~X
+
(
γ2 + a2w
2 + b2k
2 + d2∂sw
)
∂s ~X × ∂2s ~X
+c1w
[
∂3s ~X
]
⊥
+ c2w ~X × ∂3s ~X
−e1
[
∂4s ~X
]
⊥
− e2∂s ~X × ∂4s ~X +O(λ5). (140)
Together with the evolution equation for the virtual
phase, i.e. Eq. (114),
φ˙ = ω¯0 + a0w
2 + b0k
2 + d0w
′ +O(λ4). (141)
these analytical expressions and their proof form the
main result of this manuscript.
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V. DISCUSSION
A. Properties of the virtual filament
1. Uniqueness
Starting from a given trajectory of the gauge filament,
the filtering out of epicycle motion may prove difficult in
practice; there is no unique method for doing so. Nev-
ertheless, for a given order in λ of calculation, we may
define a unique virtual filament by removing the constant
terms in Eqs. (97), which depend on the instantaneous
curvature and twist of the gauge filament. Note that the
same can be done in higher order, such that every gauge
filament by its shape and phase determines a single vir-
tual filament. Conversely, Eqs. (100) allow to reconstruct
the gauge filament up to given order in λ for a given vir-
tual filament. With this procedure, we have obtained
a mapping between gauge and virtual filaments that is
bijective in the regime of small curvature and twist.
2. Proximity of virtual and gauge filament
In both cases, the deviation between both filaments
is proportional to the local filament curvature, such that
their difference is in general bounded; for a straight scroll
wave, the virtual and gauge filament are identical in low-
est order in curvature and twist. In the trivial case of a
straight, untwisted filament, the gauge filament, virtual
filament and time-averaged gauge filament all coincide.
3. Boundary conditions
When no-flux conditions are imposed on the RD sys-
tem, the method of mirror sources guarantees that the
gauge filament ends orthogonally to planar medium
boundaries; twist must also vanish in its end points. For
the virtual filament, the same reasoning can be used, such
that they also end orthogonally to planar medium bound-
aries and have vanishing virtual twist in their end points.
This remark is essential to the stability analysis of scroll
wave filaments which we will perform in section V C.
4. General note on filaments
Our procedure not only demonstrates the existence
and dynamics of the virtual filament, but also broadens
the concept of a ‘filament’ in general. To describe the
organizing center of a scroll wave, one may use a straight
line (see, e.g. [25, 38] ), a tip line that is computed from
simulations or experiments (see [16] for various calcula-
tions choices), an instantaneous or time-averaged gauge
filament [8, 60] or the virtual filament presented in this
paper. Depending on the problem studied, one may
choose a suitable filament definition. Clearly, the advan-
tage of the virtual filament is that its higher order equa-
tion of motion becomes independent of the scroll wave’s
phase. Note, finally, that the definition of the virtual
filament (i.e. exhibiting no oscillations depending on ro-
tation phase) is by itself a gauge choice.
5. Equal diffusion case
For equal diffusion systems, the matrix Plab is propor-
tional to the identity matrix, such that P1 = P3 = 0 and
P5 = P6 = 0. In this case, there is no distinction in
lowest order between the virtual and the gauge filament.
The situation simplifies considerably for systems with
equal diffusion, i.e. when Pˆ = D0I. This case arises
in the modeling of the BZ oscillating chemical reac-
tion [74]. From section III, we know that in such case,
P
(m)
(n) := 〈W(m) | Pˆ | V(n)〉 = D0δ(m)(n) , whence d0 =
D0, γ1 = P0 = D0. Furthermore, P1, P2, P3 will all van-
ish. Therefore, ω,α,∆ and κ also disappear. Addi-
tionally, | ukA〉 vanishes as the source term is completely
removed by application of the projector (49). Under this
circumstance, the coefficients in the phase equation re-
duce to
a0 = −D0〈W(0) | ∂θV(0)〉, (142a)
b0 = −D0〈W(0) | Pˆ | r∂ru0〉, (142b)
d0 = D0. (142c)
In the translational law, many higher order contributions
drop out for the equal diffusion case and E˜0 = E˜2 = 0.
The simpler set of coefficients in the equal diffusion case
is thus
γ1 = D0, γ2 = 0, (143a)
a1 = A˜0, a2 = −A˜2, (143b)
b1 = B1 = B˜0, b2 = B2 = −B˜2, (143c)
c1 = C˜0, c2 = −C˜2, (143d)
d1 = D˜0, d2 = −D˜2, (143e)
e1 = 0, e2 = 0. (143f)
Using the same decomposition as in γ1+iKγ2 = 〈W+ |
Pˆ | V+〉, we find, only in the equal diffusion case:
a1 + iKa2 = D0〈W+ | ρ+ | r∂ru0〉 −D0〈W+ | r2 | V+〉
+2D0〈Y+ | ρ+ | ∂θV(0)〉, (144a)
b1 + iKb2 =
D0
2
〈W+ | ρ+ | r∂ru0〉
+
D0
4
〈W+ | r2 | V+〉, (144b)
c1 + iKc2 = −D0〈W+ | ρ+ | V(0)〉, (144c)
d1 + iKd2 = −2D0〈W+ | ρ+ | V(0)〉. (144d)
We immediately notice that (d1 + iKd2) = 2(c1 + iKc2)
here. Moreover, the surviving terms are all related to the
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extent of the region where the product of GM and RF
significantly differs from zero, i.e. related to the effective
diameter of the scroll wave’s core.
B. Laws and models of filament motion
Having rigorously proven the law of filament motion
(140), we may now compare it to previous models for
filament dynamics. A summary is given in table I.
All terms from the postulated ribbon model [24] indeed
contribute to the motion of filaments in reality. How-
ever, it is found that the filament dynamics from Eq.
(140) is considerably richer than assumed in the ribbon
model. The explicit twist-curvature coupling coefficients
a1, a2, d1, d2 are first presented here. It can be read-
ily seen that both twist (w2) and twist gradients (∂sw)
add to the filament tension γ1. Moreover, when filament
curvature becomes significant, the coefficients b0, b1, b2
describe how respectively the scroll wave’s rotation fre-
quency and nominal filament tension are altered. The
fact that a scroll ring’s rotation frequency may change at
small radius was already noted in a computational study
of low-voltage defibrillation [73], where resonant exter-
nal stimuli were used to eradicate scroll wave activity.
Therefore, our b0 term may prove useful in the search for
low-voltage defibrillation of cardiac tissue.
C. Linear stability analysis of scroll waves
Using the laws of filament motion, one may investigate
the stability of a scroll wave given the shape of its fila-
ment. In previous studies, e.g., it was found that straight
untwisted filaments are only stable if their tension coef-
ficient γ1 is positive [8]. Later, higher order terms were
manually added to the equations [24, 25], in order to ex-
plain the shape taken by a twisted or buckling filaments.
Having rigorously derived Eq. (140), and interpreted
it as the motion of a virtual filament, we find that a
Present [7, 8, 67] [30] [24] [22, 23] [25]
(γ1, γ2)* (b2, c3)* (a||, a⊥)* (a1, a2) (γ1,−γ2)∗ (γ1, γ2)∗
(a1, a2)∗ - - - - -
(b1, b2)∗ - - - - (b1, b2)
(c1, c2)∗ - - (−d2, d1) - -
(d1, d2)∗ - - - - -
(e1, e2)∗ - - (b1, b2) - (e1, e2)∗
a0* a1* ∗ c - -
b0* - - - - -
d0* b1* ∗ D - -
TABLE I: Reference list of coefficients in the filament equa-
tion of motion. The coefficients a1, a2, d1, d2, b0 have not been
described elsewhere. ∗ denotes that an analytical expression
in terms of response functions was given in that refence.
filament of constant twist w and curvature k is stable
with respect to spatial perturbations with wave number
p only when
Γ1 = γ1 + a1w
2 + 2b1k
2 + c2pw + e1p
2 > 0. (145)
This inspires us to call Γ1 the effective tension of a scroll
wave filament. It is clearly seen here that the filament’s
curvature and twist affects its stability. Whether twist
and curvature render the filament more or less stable will
depend on the sign of the coefficients a1, b1 and c2. Even
when the combined effect of nominal tension, twist and
curvature produces a negative effective filament tension,
the rigidity e1 may nevertheless keep the filament straight
in thin domains [25].
In the case of low twist, the more general EOM (140)
reduces to
~˙X =
(
γ1 + b1k
2
)
∂2s
~X +
(
γ2 + b2k
2
)
∂s ~X × ∂2σ ~X
−e1
[
∂4s ~X
]
⊥
− e2∂s ~X × ∂4s ~X +O(λ4). (146)
This equation was recently analyzed [25] to show that
scroll wave filaments possess a mechanical rigidity e1,
which may prevent them from breaking up in thin media,
even when γ1 < 0. In that work, we used the stability
analysis of a straight scroll wave [38] to show that the
rigidity coefficients equal
e˜1 + iKe˜2 = 〈W+ | P(Lˆ− iω0)−1pi P | V+〉(147)
with pˆi = 1− | V+〉〈W+ | different from Πˆ defined in
Eq. (49). Alternatively, our present calculations based
on virtual filaments state that (see Eq. (138f))
e1 + iKe2 = 〈W+ | Pˆ(Lˆ− iω0)−1Πˆ Pˆ | V+〉
+(∆2 + iK∆0) + iK
P 21 + P
2
3
2ω¯0
. (148)
We show in App. E that our expressions (138f) are equiv-
alent to Eq. (147). Therefore, the low twist limit of our
current calculations provides the full technical proof that
was promised in [25]. Moreover, the equality of rigidity
coefficients using two independent methods of calcula-
tion confirms the validity of the virtual filament concept
in this particular case.
VI. NUMERICAL VALIDATION
In this section, we aim to numerically validate the re-
sponse function expressions predicted by our theoretical
framework. Before that, we detail our numerical methods
and provide a simple example of a virtual filament.
A. Numerical methods
For simplicity, we used the two-variable Barkley kinet-
ics [72]. With u = [u, v]T and F = [f, g]T , the reaction
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functions are given by
f(u, v) =
1

u(1− u)
(
u− v + b
a
)
, (149)
g(u, v) = u− v.
Throughout our simulations, we used the parameter val-
ues a = 0.7, b = 0.01,  = 0.025, which lie well outside
the meander regime. As mentioned above, we took an
equal diffusion system with D0 = 1, i.e. Pˆ = D0P = I.
We computed the response functions and overlap inte-
grals for the given parameters of Barkley’s model using
the publicly available software package dxspiral [63].
Details on its methods are given in [62]. Goldstone modes
and response functions in the complex basis were com-
puted on a polar grid of radius 10.0 with Nr = 300 ele-
ments in the radial direction and Nt = 64 in the angular
direction. We added the formulas (144) for the coeffi-
cients in the equal diffusion case to the code. In addition
to the trivial values γ1 = d0 = 1 and γ2 = e1 = e2 = 0,
this leads to (with sign flag K = 1),
(a1, a2) = (−12.701,−4.056),
(b1, b2) = (−1.210,−2.055),
(c1, c2) = (3.003, 3.029), (150)
(d1, d2) = (6.006, 6.057),
a0 = −1.505, b0 = 0.283.
Forward simulations of scroll waves were performed in
a custom-written parallel C++ code using the explicit
Euler stepping method for solving the RDE (2).
B. Virtual filament under electroforetic drift
To make the notion of a virtual filament less abstract,
we provide a simple example in Fig. 3. Suppose that
a small convection term is added to the RDE (2), which
models the presence of a constant electrical field in chem-
ical reaction-diffusion systems [68, 69]. In cardiac mod-
elling, a convection term with constant amplitude D0/R
applied only to the first variable is typically studied to
represents in lowest order the drift induced by a hypo-
thetical filament curvature k = 1/R [70, 71]:
∂tu(~x, t) = D0∆Pu(~x, t) + F(u(~x, t)) +
D0
R
P∂xu(~x, t).
(151)
Therefore, it is a suitable test bench to easily visual-
ize virtual filament motion. We performed a numerical
simulation of Barkley’s model [72] with parameters a =
0.07, b = 0.01,  = 0.025, D0 = 1.0 and P = diag(1, Dv).
We measured the tip line by tracing the intersection of
the u = 0.5 and v = 0.5 isosurfaces using the algorithm
described in [52]. For the cases of Dv = 1, Dv = 0, tip
trajectories are shown in blue in Fig. 3.
From the tip trajectories, the gauge filament was esti-
mated as follows. From a snapshot of a reference simu-
lation of an unperturbed spiral wave, the position of the
a)
b)
FIG. 3: (Color online) Trajectory of the tip (blue, dashed),
gauge filament (black) and virtual filament (green) for a
numerical simulation of electroforetic drift with R = 10.
Barkley’s model was used (a = 0.07, b = 0.01,  = 0.025, Du =
1), with equal diffusion Dv = 1 (a) and single diffusion Dv = 0
(b).
spiral’s exact rotation center was obtained relative to the
direction of ∇u, taken at the tip position. This vector
was added to the tip positions under electroforetic drift,
relative to the current orientation of ∇u. This first ap-
proximation to the virtual filament trajectory is given by
the black line in Figs. 3. When Dv > 0, an oscillatory
component of motion is observed with frequency close to
2ω0, as predicted by Eq. (99).
Since we have picked an example which has constant
Λ = (−1/R, 0), the secular terms of the motion, which
define the virtual filament, can be obtained from linear
regression of the x and y components of the gauge fila-
ment trajectory. This line is shown in green. In the equal
diffusion case, the electroforetic drift term is equivalent
to a convection term with velocity D0/R. Hence, the
gauge filament will describe a linear trajectory and co-
incides exactly with the virtual filament. With unequal
diffusivities of state variables as in figure 3b, a difference
between gauge and virtual filaments is observed.
From this example, we see how two subsequent filter-
ing steps are needed to reconstruct the virtual filament
from the more easily accessible tip line. Tracking the
virtual filament of non-stationary filaments in numerical
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simulations or even experiments would be a challenging
task. Fortunately, one may in practical cases continue to
use tip lines to approximate both the gauge and virtual
filaments. The virtual filament is only meant as a theo-
retical aid to construct and understand the effective laws
of motion for scroll waves.
C. Numerical validation of the drift coefficients
The expressions for the lowest order coefficients γ1, γ2,
d0 are well known. Recently, the development of numer-
ical methods to compute spiral wave RFs [38, 56, 62]
allowed to evaluate the overlap integrals explicitly. Since
then, the basic coefficients γ1, γ2, d0 have been com-
puted to high accuracy [38, 62]. The expression for the
rotational twist correction a0 was validated in [30]; the
formula for the rigidity coefficients e1, e2 has been nu-
merically verified in [25].
To demonstrate and verify our current approach, we
have measured some of the coefficients in numerical sim-
ulations of scroll wave using the RDE (2). The measured
coefficients were compared to the values predicted by our
theory. Here, we only report on the equal diffusion case,
in which case the overlap integrals (142)-(144) for the
coefficients are not too complicated.
1. Collapse of untwisted scroll rings
Untwisted scroll rings can easily be simulated in two
dimensions, since there is no dependence of the angu-
lar coordinate along the ring. Hence, we initiated spiral
waves in a (r, z)-plane with r ∈ [1, 21], z ∈ [0, 15]. Grid
resolution was dx = dz = 0.1 and time step 0.008. As
initial conditions, we took a numerical spiral wave solu-
tion from the Euclidean plane, rotated it over an angle φ0
around its rotation center and put it on the (r, z) plane.
We repeated this procedure for Np = 90 angles φ0 uni-
formly distributed over the range [0, 2pi]. The tip position
was sampled with intervals dts = 0.25, such that for each
time frame set of Np tip positions was found. From our
theory, these points lie approximately on a circle around
the gauge filament. Since ellipses may be easily fit by
linear regression, we fit an ellipse to the set of Np tip
points, whose central point was then considered as the
instantaneous gauge filament position. To find the veloc-
ity of the virtual filament, we performed linear regression
on overlapping sections of the gauge filament trajectory
with a sliding window of width 20 dts. Finally, linear
regression was performed in terms of 1/R2 with R the
instantaneous scroll ring radius. From our EOM (140)
follows, with Z the axial position of the scroll ring:
−R∂tR = γ1 + b1/R2 +O(λ4), (152)
R∂tZ = γ2 + b2/R
2 +O(λ4).
The resulting tip and filament trajectories are presented
in Fig. 4. Linear regression of Eq. (152) yields (b1, b2) =
(−1.300,−1.812), which lie respectively 7.4% and 11.8%
off the predicted values (−1.210,−2.055) which we ob-
tained using response functions and temporal averaging
of the filament solution.
2. Drift of twisted scroll rings
Twisted scroll rings were simulated in a cylindrical co-
ordinates r, ψ, z. To avoid small grid elements near the
axis r = 0, the simulation domain had r ∈ [Rmin, Rmin +
Lr], ψ ∈ [0, 2pi/n], z ∈ [0, Lz]. Neumann boundaries
were applied in r and z directions, and periodic bound-
ary conditions for ψ. We initiated twisted scroll rings
in a three-dimensional grid by putting an unperturbed
spiral wave solution in each r, z-plane, and letting it ro-
tate such that it makes one full turn between ψ = 0 and
ψ = 2pi/n. With periodic boundary conditions at the
ψ edges, a twisted scroll ring is simulated that makes n
full turns. In the simulations series, we also allowed non-
integral values for n, such that the imposed twist could
be varied continuously and independently from the scroll
a)
b)
FIG. 4: Measurement of the coefficients b1, b2 in a numer-
ical simulation of Barkley’s model (a = 0.07, b = 0.01,  =
0.025, Du = Dv = 1). a) Linear regression of the radial ve-
locity of the virtual filament, to yield b1 = −1.300. b) Linear
regression of the axial velocity of the virtual filament, deliv-
ering b2 = −1.812.
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FIG. 5: Drift velocity coefficients µi of twisted scroll rings of radius R was measured as a function of the winding number of
the scroll wave n in a numerical simulation of Barkley’s model (a = 0.07, b = 0.01,  = 0.025, Du = Dv = 1). The slope of the
curves µi(n) delivers the values for the coefficients ai, delivering experimental values of a0 = 1.600 (panel a) a1 = −12.712
(panel b), a2 = −8.264 (panel c).
ring radius R. This way, we found
w = n/R, k = 1/R. (153)
The virtual filament of the twisted scroll rings is from
Eq. (140) expected to obey
∂tφ = ω0 + µ0(n)/R
2 +O(λ4),
−R∂tR = γ1 + µ1(n)/R2 +O(λ4), (154)
R∂tZ = γ2 + µ2(n)/R
2 +O(λ4),
where µj(n) = ajn
2+bj , (j ∈ {1, 2, 3}). We chose to work
at large radius R, such that the circular filament remains
stable with respect to the sproing instability [17]. While
the circular filament had at each time instance r and
z constant, the tip line approximately describes a circle
in the r, z plane as all values of ψ are traversed. Here
too, we drew the best fitting ellipse through this set to
find the instantaneous gauge filament position. A linear
regression on its position in the (r, z)-plane with sliding
window in time then yielded µ0, µ1, µ2 for different values
of n.
The dependencies µi(n) found in our simulations are
depicted in Fig. 5. Linear regression in terms of n2
then produced a0 = 1.600 close to the predicted value
of 1.505. (This coefficient has been validated to higher
accuracy using simulations on a disk in [30].) For the
novel drift coefficients, we find in the numerical exper-
iment that (a1, a2) = (−12.713,−8.264). The value of
a1 lies very close to the predicted value from Eq. (150),
confirming our response function calculations. The mea-
sured value for a2, however, is roughly twice as big as
the predicted value. A possible explanation is that, due
to the absence of the γ2 term, the drift velocity in this
direction is very small: in one time unit, the scroll wave
drifts over a distance of the order (a2 + b2)/R
3 ≈ 0.006,
which is well below the spatial discretization step of 0.1.
To validate a2 in this setting will thus require future sim-
ulations at a much finer resolution.
3. Sproing instability for twisted scroll waves
The deformation of a twisted scroll wave into a helical
shape is well known, and was previously discussed us-
ing the ribbon model [24]. Our present results allow a
quantitative analysis of the phenomenon.
From condition (145), the virtual filament of a straight
scroll wave with constant twist will be stable only when
γ1 + a1w
2 + c2pw + e1p
2 > 0. As usual, we take the
filament along the Z-axis of the domain of height L with
periodic boundary conditions, whence w = 2pi/L and
p = mp0 = m2pi/L, m ∈ Z. The ground mode (m = 1)
will therefore start growing when
|w| > wc = 2pi
Lc
=
√
γ1
c2 − a1 − e1 . (155)
Assuming that the bifurcation is supercritical, the helical
filament will restabilize at a radius R where ∂t ~X ·~er = 0.
Since the scroll wave’s phase difference over the height L
is fixed to 2pi, its twist with respect to a parallel frame
[59] is found to be w = p0/(1 + p
2
0R
2). Putting this in
the stationarity condition ∂t ~X · ~er = 0 with L ≈ Lc, this
leads to
R2 =
√
γ1(c2 − a1 − e1)
w2cpi(2c2 − 2a1 + b1 − e1)
(Lc − L)
+O ((Lc − L)2) . (156)
Only when the denominator 2c2−2a1+b1−e1 is positive,
the bifurcation will be supercritical and lead to a finite
helical radius near the instability threshold.
The motion along the binormal will yield a precession
frequency around the central axis of the helix. The pre-
cession rate follows from projecting the filament velocity
onto the circumferential unit vector ~eθ from cylindrical
coordinates (r, θ, z):
Ω =
∂t ~X · ~eθ
R
= w4c (c1 + a2) (157)
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a)
b)
FIG. 6: Sproing instability in a numerical simulation of
Barkley’s model (a = 0.07, b = 0.01,  = 0.025, Du = Dv = 1).
a) Bifurcation plot of squared helical radius R versus domain
height. b) Precession frequency of the helical state.
We performed simulations with Barkley model param-
eters as detailed above in a rectangular box of size
32 × 32 × L (dx = dy = 0.1) with L varying between
15.4 and 20.0 while keeping Nz = 125 constant. When
L < Lc, the projection of the tip line onto the XY-plane
remains circular, but its radius will oscillate at the scroll’s
rotation frequency ω, with amplitude R equal to the he-
lical radius of the restabilized state. A plot of R2 versus
L is presented in Fig. 6a, yielding wc = 0.346, Lc = 18.2,
which deviates only 7.7% from to the predicted value of
wc = 0.322 from Eq. (155). The precession frequency
was measured to be 0.021, which is of the same order as
expected value of 0.010 from Eq. (157).
VII. CONCLUSIONS
We have shown how the leading order dynamics of
scroll wave filaments can be quantitatively derived from
properties of the unperturbed spiral wave. The classi-
cal gauge filament is demonstrated to perform a complex
motion in which twist-curvature coupling depends on the
phase of the scroll wave rotation. Therefore, we advertise
a Copernican view on scroll wave dynamics: the gauge
filament, which is the instantaneous rotation center for
both tip line and scroll wave, revolves around a previ-
ously unobserved companion, the virtual filament. Using
the simplifying concept of a virtual filament, the time-
averaged rotation and translation of scroll waves was ob-
tained and analyzed. Virtual filaments lie at all times
close to the classical gauge filament, but obey simpler,
time-independent laws of motion.
The dynamics of scroll waves is found to be purely
geometrical and largely independent of the reaction ki-
netics, which only enter the description through the con-
stant coefficients in the law of motion. This finding offers
perspectives to characterize a reaction-diffusion system
with isotropic diffusion by its set of 15 coefficients, which
capture the effective behavior of scroll wave filaments.
Our results put firm mathematical ground under previ-
ous models of higher order filament dynamics and can
be used to further study and model the rich dynamics of
scroll waves.
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Appendix A: Pauli matrices
In our calculations, we use a real-valued basis of Pauli
spin matrices [65] as a basis for the vector space of 2× 2
matrices:
δ =
(
1 0
0 1
)
,  =
(
0 −1
1 0
)
,
σ1 =
(
0 1
1 0
)
, σ3 =
(
1 0
0 −1
)
. (A1)
Useful product relations are given by
σ1 = −σ3, σ3 = σ1, σ1σ3 = −,
σ1 = σ3, σ3 = −σ1, σ3σ1 = . (A2)
In our calculations, we repeatedly decompose real-valued
2× 2 matrices as
P = P0σ
0 + P1σ
1 + P2+ P3σ
3 (A3)
The following combinations often occur, and are therefore
assigned their own symbol:
P5 = (P1σ
3 − P3σ1), P6 = (P1σ1 + P3σ3). (A4)
Note that they are symmetric and satisfy
P25 = P
2
6 = (P
2
1 + P
2
3 )δ,
P6P5 = −P5P6 = −(P 21 + P 23 ). (A5)
The last property implies that, for a given column matrix
v, P6v and P5v are orthogonal. Furthermore, the matri-
ces P5,P6 anticommute with the generator of rotations
 and obey
P5 = −P6, [,P5] = −2P6, P5 = P5,
P6 = P5, [,P6] = 2P5, P6 = P6. (A6)
Appendix B: Complex basis
It is convenient to extend the complex-valued basis
from section II C to represent quantities that are not
Goldstone modes or response functions. One of them
is the fully antisymmetric tensor , which has x′y′ =
−y′x′ = 1:
∂± = −1
2
(∂x′ ∓ iK∂y′), (B1a)
ρ± = −1
2
(x′ ∓ iKy′) = 1
2
ρ∓, (B1b)
δ
(n)
(m) = 1
(n)
(m), (B1c)

(n)
(m) = −iK(σ3) (n)(m) . (B1d)
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In this result, the Pauli spin matrices σ1,σ3 appear (see
e.g. [65] and A ). While the upper or lower placement of
Cartesian indices does not matter because the Euclidean
plane has trivial metric gAB = δAB , indices in the com-
plex basis should be raised and lowered using the metric
tensor in the complex basis:(
g(mn)
)
= 2(σ1),(
g(mn)
)
= (1/2)(σ1). (B2)
Appendix C: Reference frame for moving filaments
In section II B of the main text, we have outlined how
a minimally twisted Fermi frame ( ~T0(σ), ~N1(σ), ~N2(σ))
can be attached to a stationary curve Xi0(σ, 0) with arc
length σ. We will denote its curvature components here
as Λa0 =
~Na · ∂2σ ~X0; its frame twist is zero by construc-
tion. Since filaments evolve in time, one also needs to
study how a curve Xi(σ, t) with prescribed movement
with respect to the stationary Fermi frame changes its
twist and curvature. The frame attached to the mov-
ing curve will be denoted (~T (σ, t), ~e1(σ, t), ~e2(σ, t)). To
fix the parameterization of the curve Xi, we impose that
points move in the plane transverse to the reference curve
Xi0:
~T0 · ∂t ~X = 0. (C1)
As a consequence, the arc length s on Xi is in general
different from σ. The relative position of the moving
curve is now fully determined by functions Xa(σ, t):
Xi(σ, t) = Xi0(σ) +X
a(σ, t) ~Na(σ) (C2)
The lower case indices a, b, ... refer to a non-rotating
frame.
To preserve generality, we do not impose that both
curves coincide at the time t = 0. Rather, we de-
mand that the initial deviation Xa(σ, 0) and the velocity
∂tX
a(σ, t) are bounded, say of order λ.
In the derivation of the filament EOM, we need to
know the curvature components Λa(σ, t) and frame twist
wfr(σ, t) of the moving frame (~T (σ, t), ~e1(σ, t), ~e2(σ, t)) for
small times t. In the notation ∂σf = f
′, we find from dif-
ferentiating Eq. (C2) that
~X ′ = (1− Λa0Xa) ~T0 +X ′a ~Na.
∂σs = || ~X ′|| = 1−XaΛ0a +O(λ4),
~T = ~T0 +X
′a ~Na +O(λ4),
∂s ~T (σ, t) = Λ
a
0
~Na − ~T0X ′aΛ0a
+ ~Nb
(
Λb0X
cΛ0c +X
′′b
)
. (C3)
To investigate explicit time evolution of the transverse
basis vectors ~ea, we propose the expansions
~ea(σ, t) = ga(σ, t) ~T0(σ) + (δ
b
a + F
b
a (σ, t)) ~Nb(σ),(C4)
Fab(σ, t) =
∑4
n=1(Fn(σ, t)ab + h
(n)
ab (σ, t)) +O(λ5),
with yet unknown coefficients satisfying Fn = O(λn),
h
(n)
ab = O(λn), h(n)ab = h(n)ba . We shall now impose or-
thonormality, i.e. ~ea · ~T = 0 and ~ea · ~eb = δab. The first
condition yields
ga = −(X ′a + F ba X ′b)(1 + Λc0Xc) +O(λ5), (C5)
while the second requires, with F =
∑4
n=1 Fn:
X ′aX
′
b + 2hab + F
2δab + F
(
h ba bc + 
b
a hbc
)
+ h ba hbc = O(λ5), (C6)
Solving for successive orders of λ, we find h
(1)
ab = 0, h
(2)
ab =
F 21
2 δab, h
(3)
ab = −F1F2δab and h(4)ab = − 12X ′aX ′b − 18F 41 δab.
Apparently, the function F is a degree of freedom that
states how the vectors ~ea are rotated in time. Prescrib-
ing minimal rotation of reference vectors, we may thus
impose that Fab = 0 +O(λ4), such that for small times t
it holds that
~ea(σ, t) = −X ′a(1 + Λc0Xc) ~T0
+
(
δba −
1
2
X ′aX
′b
)
~Nb +O(λ5). (C7)
The curvature components and frame twist of the moving
curve are therefore given by
Λa(σ, t) = ~ea(σ, t) · ∂2s ~X(σ, t)
= Λa0 + Λ
a
0XbΛ
b
0 +X
′′a +O(λ4), (C8a)
wfr(σ, t) =
ab
2
∂s ~ea(σ, t) · ~eb(σ, t)
=  ba X
′
bΛ
a
0 +O(λ4). (C8b)
Appendix D: Net drift components of the cubic
curvature contribution
Finding the net filament motion due to the cubic cur-
vature term BfabcΛ
aΛbΛcef requires some intermediate
steps which are presented here. To facilitate reading, we
will write (vkkk)fabc as B
f
abc here. First, let us symmetrize
the lower indices: the relation
BfabcΛ
aΛbΛc =
1
6
(Bfabc +B
f
acb +B
f
bca
+Bfbac +B
f
cab +B
f
cba)Λ
aΛbΛc (D1)
leads to BfabcΛ
aΛbΛc = B˜fabcΛ
aΛbΛc, with
B˜fabc =
1
6
(Bfabc +B
f
acb +B
f
bca +B
f
bac +B
f
cab +B
f
cba) (D2)
fully symmetric in its lower indices. We may now expand
B˜fabcΛ
aΛbΛc = Rf FR
A
a R
B
b R
C
c B˜
F
ABCΛ
aΛbΛc
= (δfF cos ζ0 + 
f
F sin ζ0)(δ
A
a cos ζ0 + 
A
a sin ζ0)
.(δBb cos ζ0 + 
B
b sin ζ0)(δ
C
c cos ζ0 + 
C
c sin ζ0)
.B˜FABCΛ
a
0Λ
b
0Λ
c
0 +O(λ4). (D3)
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Next, we rely on the averaging properties
cos4 ζ0 =
3
8
+ ..., sin4 ζ0 =
3
8
+ ...,
cos ζ0 sin
3 ζ0 = 0 + ..., sin ζ0 cos
3 ζ0 = 0 + ...,
cos2 ζ0 sin
2 ζ0 =
1
8
+ ... (D4)
to find out that (with ⊗ the direct product of tensors)
(cos ζ0δ + sin ζ0)⊗ (cos ζ0δ + sin ζ0) (D5)
⊗(cos ζ0δ + sin ζ0)⊗ (cos ζ0δ + sin ζ0)
=
3
8
(δ ⊗ δ ⊗ δ ⊗ δ + ⊗ ⊗ ⊗ )
+
1
8
[δ ⊗ (δ ⊗ ⊗ + ⊗ δ ⊗ + ⊗ ⊗ δ)]
+
1
8
[⊗ (⊗ δ ⊗ δ + δ ⊗ ⊗ δ + δ ⊗ δ ⊗ )] + ...
This expression will be contracted with the symmetrized
tensor B˜FABC , after which the terms on the last line can be
grouped due to permutation symmetry of the last three
indices. Hence one arrives at
BfabcΛ
aΛbΛc = B˜fabcΛ
aΛbΛc
=
3
8
(
δfF δ
A
a δ
B
b δ
C
c + 
f
F 
A
a 
B
b 
C
c
)
B˜FABCΛ
a
0Λ
b
0Λ
c
0
+
3
8
(
δfF δ
A
a 
B
b 
C
c + 
f
F 
A
a δ
B
b δ
C
c
)
B˜FABCΛ
a
0Λ
b
0Λ
c
0
+...+O(λ4). (D6)
This relation can be further simplified by the property
δBb δ
C
c + 
B
b 
C
c = δbcδ
BC + bc
BC , yielding
BfabcΛ
aΛbΛc =
3
8
(
δfF δ
A
a + 
f
F 
A
a
)
.(B˜FABCδ
BC)k20Λ
a
0 + ...+O(λ4). (D7)
After defining 34 B˜
F
ABCδ
BC = (B˜)FA, and decomposing the
resulting matrix in Pauli components, one may finally
write in matrix notation
BfabcΛ
aΛbΛc ef =
1
2k
2
0
(
B˜ + B˜T
)
Λ0 + ...+O(λ4)
= k20
(
B˜0δ + B˜2
)
Λ0 + ...+O(λ4). (D8)
This is the result that we quoted in Eq. (132).
In the case of equal diffusion of state variables (P =
D0I), the expression for B˜0, B˜2 in terms of RFs is easily
found:
B˜FA =
3
4
D0
3
δBC(〈YF | ρAρB | ∂Cu0〉 (D9)
+〈YF | ρBρC | ∂Au0〉+ 〈YF | ρCρA | ∂Bu0〉)
=
D0
4
(
2〈YF | ρA | r∂ru0〉+ 〈YF | r2 | ∂Au0〉
)
.
For b1 + iKb2 in the equal diffusion case, one may sub-
sequently verify that
b1 + iKb2 = 3
D0
3
[〈W+ | ρ+ | (ρ+V−) + (ρ−V+)〉
+ 〈W+ | ρ+ρ− | V+〉
]
(D10)
=
D0
4
(
2〈W+ | ρ+ | r∂ru0〉+ 〈W+ | r2 | V+〉
)
,
confirming expression (144b).
Appendix E: Filament rigidity coefficients
In previous work [25], we showed that filaments exhibit
physical rigidity given by
e˜1 + iKe˜2 = 〈W+ | Pˆ(Lˆ− iω0)−1pi Pˆ | V+〉, (E1)
whereas the virtual filament approach in the current
manuscript predicts by Eq. (138f) that the same coef-
ficients should be given by
e1 + iKe2 = −(E˜0 − iKE˜2)
+ (∆2 + iK∆0) + iK
P 21 + P
2
3
2ω¯0
(E2)
with −(E˜0 − iKE˜2) = −(vddk)++ = 〈W+ | Pˆ(Lˆ −
iω0)
−1Πˆ Pˆ | V+〉. Since the full projector Πˆ = pi− |
V−〉〈W− | − | V(0)〉〈W(0) | it remains to be shown that
the extra terms in Πˆ compensate for the additional terms
in Eq. (E1). Indeed, one finds
〈W+ | Pˆ(Lˆ− iω0)−1 | V0〉〈W0 | Pˆ | V+〉 (E3)
=
i
ω0
〈W+ | Pˆ | V0〉〈W0 | Pˆ | V+〉
=
i
ω0
(ω ⊗ d)++ = iK(∆0 − iK∆2),
〈W+ | Pˆ(Lˆ− iω0)−1 | V−〉〈W− | Pˆ | V+〉 (E4)
=
i
2ω0
〈W+ | Pˆ | V−〉〈W− | Pˆ | V+〉 = iK
2ω¯0
(P 21 + P
2
3 ).
which concludes the proof. In summary, three equiva-
lent ways can be used to prove that Eq. (E1) are the
filament’s rigidity coefficients: linear perturbation of a
straight scroll wave [25], the Feynman-Hellman method
[25] and the EOM (140) for the virtual filament.
Appendix F: Explicit expressions for the coefficients
in the filament EOM
The promise of this paper was to derive EOM (140) and
present the coefficients in terms of response functions.
This way, they can be explicitly computed numerically
for given reaction kinetics F(u) and diffusivity ratios Pˆ =
D0P. For case of equal diffusion, the result considerably
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simplifies to Eq. (142) for the phase evolution and Eq.
(144) for translation.
In the general case of unequal diffusion, expressions
(111) for the phase evolution lead to
a0 = −〈W(0) | Pˆ | ∂θV(0)〉, (F1a)
b0 = g
(np)
(
−〈W(0) | Pˆ | V(n)〉〈W(0) | ∂θuk(p)〉 (F1b)
−〈W(0) | (Pˆδ(m)(n) − P (m)(n)) | ∂(m)uk(p)〉
−〈W(0) | ρ(n)Pˆ | ∂(p)u0〉+ 1
2
〈W(0) | F′′uk(n)uk(p)〉
− 1
ω¯0
〈W(0) | Pˆ | V(n)〉〈W(0) | Pˆ | V(p)〉
)
,
d0 = 〈W(0) | Pˆ | V(0)〉. (F1c)
As before, the summation convention for repeated indices
(m), (n), (p) runs over {−1, 1}. Further recall from Eq.
(B2) that g++ = g−− = 0 and g+− = g−+ = 2.
For the translational motion of the virtual filament,
the tension and rigidity coefficients are given by
γ1 + iKγ2 = P0 − iKP2 = 〈W+ | Pˆ | V+〉, (F2a)
e1 + iKe2 = 〈YF | Pˆ(Lˆ− iω0)−1[
1− | V+〉〈W+ |
]
Pˆ | V+〉. (F2b)
The other coefficients can be computed from expres-
sions (138). In some of the coefficients below we use
underlined indices to denote symmetrizing of lower in-
dices, e.g. S a T bR c =
1
6 (SaTbRc + SaTcRb + SbTaRc +
SbTcRa + ScTaRb + ScTbRa). With implicit summation
over m ∈ {−1, 1} this yields
A˜0 − iKA˜2 = 〈W(0) | Pˆ | V+〉〈W+ | ∂θuww〉+ 〈W(0) | Pˆ | ∂θV(0)〉〈W+ | ∂θuk+〉 (F3a)
+〈W+ | (Pˆδ(m)+ − P (m)+) | ∂(m)uww〉+ 〈W(m) | Pˆ | ∂2θu0〉〈W+ | ∂(m)uk+〉
−〈W+ | Pˆ | ∂2θuk+〉+ 〈W+ | Pˆρ+ | r∂ru0〉 − 〈W+ | Pˆr2 | V+〉 − 2〈W+ | Pˆρ+ | ∂2θu0〉 − 〈W+ | F′′uk+uww〉,
B˜0 − iKB˜2 = 3
(
+〈W(0) | Pˆ | V + 〉〈W+ | ∂θukk+−〉 − 〈W+ | Skk+−〉〈W+ | ∂θuk+ 〉 (F3b)
−〈W+ | Skk+−〉〈W+ | ∂(m)uk+ 〉+ 〈W+ | (Pˆδ(m)+ − P (m)+ ) | ∂(m)ukk+−〉
+〈W+ | Pˆρ+ | ∂+ uk− 〉+ 〈W+ | Pˆρ+ ρ+ | V− 〉 −〈W+ | F′′uk+ ukk+−〉 −
1
6
〈W+ | F′′′uk+ uk+ uk− 〉
)
,
C˜0 − iKC˜2 = 〈W+ | ρ+Pˆ | ∂θu0〉+ 2〈W+ | Pˆ | ∂θuk+〉, (F3c)
D˜0 − iKD˜2 = +〈W(0) | Pˆ | V+〉〈W+ | ∂θudw〉 − 〈W(m) | Pˆ | ∂θu0〉〈W+ | ∂(m)uk+〉 (F3d)
+〈W+ | (Pˆ− d0) | ∂θuk+〉+ 〈W+ | (Pˆδ(m)+ − P (m)+ ) | ∂(m)udw〉 − 〈W+ | F′′uk+udw〉+ 2〈W+ | Pˆρ+ | ∂θu0〉,
α0 − iKα2 = − 1
ω¯0
〈W+ | Pˆ | ∂θV(0)〉〈W(0) | Pˆ | V+〉, (F3e)
∆0 − iK∆2 = 1
ω¯0
〈W+ | Pˆ | V(0)〉〈W(0) | Pˆ | V+〉, (F3f)
κ0 − iKκ2 = 2
ω¯0
〈W(0) | Pˆ | V+〉〈W+ | Skk+−〉, (F3g)
P 21 + P
2
3 = |〈W+ | Pˆ | V−〉|2. (F3h)
Here, we have used
Πˆ = 1−
∑
m∈{−1,0,1}
| V(m)〉〈W(m) |, (F4)
P
(m)
(n) = 〈W(m) | Pˆ | V(n)〉, m, n ∈ {−1, 0, 1}
| uk(m)〉 = (Lˆ− imω0)−1ΠˆPˆ | V(m)〉, m ∈ {−1, 1}
| udw〉 = Lˆ−1ΠˆPˆ | ∂θu0〉,
| uww〉 = −Lˆ−1ΠˆPˆ | ∂2θu0〉,
| Skk(np)〉 =| ∂θuk(n)〉〈W(0) | Pˆ | V(p)〉+ (Pˆδ(m)(n) − P (m)(n)) | ∂(m)uk(p)〉+ ρ(n)Pˆ | V(p)〉 −
1
2
| F′′uk(n)uk(p)〉, n, p ∈ {−1, 1}
| ukk(mn)〉 = (Lˆ− i(m+ n)ω0)−1Πˆ | Skk(mn)〉 − im〈W(0) | Pˆ | V(n)〉 (Lˆ− i(m+ n)ω0)−1 | uk(m)〉. m, n ∈ {−1, 1}
